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ABSTRACT

This research attempts to understand how nonspherical ice particles backscatter electromagnetic radiation at
millimetric wavelengths. The discrete dipole approximation (DDA) is employed to examine backscattering by
single particles to (i) explore the limits of the Rayleigh approximation and (ii) test the use and validity of
spheroidal models to model semirealistic cirrus particles. It is shown that spheroids are reasonable models of
cirrus ice particles at wavelengths of 3 and 8 mm. Furthermore, with careful consideration of optical size it is
possible to exploit the Rayleigh approximation for spheroids under many circumstances.

The sensitivity of backscattered radiation to variations in microphysical properties is examined, based on DDA
calculations for ensembles of ice particles. The most important factor in the ice crystal size distribution is found
to be the median diameter (D,,) of the ice crystal volume distribution. In particular, for values of D, typical of
cirrus, the contribution of crystals whose major dimension is D < 100 um is masked by the signal of larger
crystals. Simulations of ice water content—effective radar reflectivity factor relations (IWC-Z,) are also pre-
sented. Comparison with available empirical relations indicates a functional dependence of the IWC on D,, (i.e.,
the relative number of large crystals) and also suggests upper and lower bounds on D,,. It is demonstrated that
the effective radar reflectivity cannot be used in an unambiguous way to determine the IWC. The difference
between reflectivities at 3.16 and 8.66 mm are found to be insignificant. Implications for the remote sensing of

4367

ice clouds at millimeter wavelengths are discussed.

1. Intreduction

The very nature of cirrus clouds make them difficult
objects to study. Although they are ubiquitous, they
tend to be optically tenuous and inhomogeneous, and
their high altitudes make them generaily inaccessible
to normal research platforms. The hydrometeors that
make up these clouds often exhibit complex morphol-
ogies, and it is difficult to measure their microphysical
properties with accuracy. In spite of these difficulties,
it is crucial that their evolution be understood since
cirrus clouds play a significant role in climate (e.g.,
Stephens and Webster 1981; Stephens et al. 1990).

Remote sensing is an important tool in studying
these clouds, and a relatively new class of polarized,
millimetric radars is now being exploited (see Table
1). These radars are suited to the study of cirrus clouds
because of their enhanced sensitivity and polarization
capabilities. To use these radars to probe cirrus clouds
requires an understanding of how electromagnetic ra-
diation at these frequencies interacts with cirrus ice par-
ticles. The preferred approach by many researchers is
to model the ice particles as spheroids, whose sym-
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metry allows one to solve scattering problems effi-
ciently while capturing the salient features of the actual
particles.

Over the frequency range of many meteorological
radars (i.e., wavelengths greater than 8 mm), it has
been possible to treat cirrus particles as Rayleigh scat-
terers because the particles are small relative to the
wavelength. However, as the wavelengths of millime-
tric radars begin to approach the size of the cirrus par-
ticles, we expect the limit of the Rayleigh approxima-
tion to be exceeded and the backscattered signal to be-
come increasingly sensitive to particle shape. It is one
of the purposes of this paper to demonstrate the extent
to which it is possible to treat cirrus particles as sphe-
roidal Rayleigh scatterers at millimetric wavelengths.
We also seek to determine how well non-Rayleigh
spheroidal shapes represent hexagonal particles. Be-
cause the wavelengths and particle sizes of interest here
are well suited to the application of the discrete dipole
approximation (DDA ), many of these outstanding is-
sues can be explored.

The backscattering properties of cirriform clouds is
simulated with ensembles of ice particles. The DDA is
used to compute the backscattering Mueller matrix el-
ements of semirealistic ice particle shapes distributed
according to characteristic ice particle size spectra and
polarimetric radar parameters are computed at 35 and
94 GHz. Sensitivities to the m\icrophysical parameters

|
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TABLE 1. Some operational cloud radars.

Reference Wavelength

Comments

Kropfli et al. (1990)

Bringi and Hendry (1990)
(their Table 3.1)

Pazmany et al. (1994)

Lhermitte (1988)

Peters et al. (1992)

Mead et al. (1989)

8.7 mm (35 GHz)
8.6 mm (35 GHz)

3.2 mm (95 GHz)
3.2 mm (94 GHz)
3.2 mm (94 GHz)
1.4 mm (215 GHz)

Elliptical and linear polarization, Doppler, 100-kW peak power. NOAA WPL.

Linear and circular polarization, Doppler, 70-kW peak power. RABELAIS
(France).

Linear polarization, Doppler, airborne, 1.2-kW peak power. UMass MRSL.

Doppler, 1-kW peak power. |

Doppler, 1.4-kW peak power. Penn. State U. I

Incoherent, 60-W peak power. UMass, MRSL. |

are examined. It is our intent to provide a foundation
for future modeling efforts and some guidance to future
observational programs.

In section 2 we describe the scattering models and
the properties of cirrus clouds. Section 3 presents single
particle backscattering characteristics emphasizing the
applicability of the Rayleigh model and spheroidal
shapes. Backscattering by ensembles of ice crystals is
the subject of the subsequent two sections. Section 4
examines the sensitivity of backscattering to variations
in the microphysical properties of cirrus clouds, and
section 5 demonstrates the nonuniqueness of the re-
trieval of the ice water content. Section 6 concludes by
summarizing the impact of this work on the remote
sensing of cirrus clouds with millimetric radars.

2. Modeling ice crystal scattering

The problem of particulate scattering can be ex-
pressed in terms of the amplitude scattering matrix (F),
which relates the incident (EO) and scattered (E) elec-

tric fields:
E,| exp(—ikR) (F, Fu\|En 1)
E.| kR Fn Fu/)|Ew]’

The polarization is either vertical (v) or horizontal (&),
and the subscripts of the amplitude scattering elements
refer to the polarization of the scattered and incident
fields, respectively. The wavenumber is given by &
= 2w/, and R is the distance from the scattering event.
The elements of the scattering amplitude matrix are de-
termined from the dipole moments p for each combi-
nation of incident and outgoing directions [in the far
field limit, see Evans and Vivekanandan (1990)]. In
this section a qualitative description of the scattering
models used to determine p is provided, the output of
these models (Mueller matrices) is related to radar ob-
servables, and the relevant properties of cirrus clouds
are reviewed.

a. The scattering models

An efficient method to compute the scattering and ab-
sorption properties of dielectric particles of arbitrary shape
has long been sought. One such method, the discrete dipole
approximation, was devised by Purcell and Pennypacker

(1973), and although it may not entirely mci:et the effi-
ciency criterion, it is general. The algorithm o|f Goedecke
and O’Brien (1988) forms the basis of the model used in
this paper and the spemﬁc Fortran 1mplementat10n of this
algorithm is described in Evans and Vllvekanandan
(1990). In the DDA the particle is defined by its optical
properties (the refractive index m) and by the arrangement
of cubic dipolar cells on a uniform rectangular Cartesian
grid. When exposed to an external source of radiation, each
dipole is excited and radiates according to its polanzablhty
tensor. The instantaneous electromagnetic ﬁeld at any
given lattice site is determined by the sum of the incident
electromagnetic field and the electromagnetic ﬁeld caused
by all of the other dipoles. The far-field scattenng ampli-
tudes can then be obtained by linear superposmon of the
radiation emitted by each dipole.

The expression ‘‘Rayleigh scattering’’ is|often used
to convey the notion of scattering by particles small
compared to the wavelength. This view is incomplete,
however, as there is actually a second crite‘Trion. Both
of these criteria are rigorously stated and explored in
section 3a. A Rayleigh model for ellipsoidis has been
developed to work within the framework of the DDA
model to facilitate 1ntercompar1sons The polanzablhty
tensor (van de Hulst 1981) is given by |

1% 1 1
%= 4 (174-1/(n2-— 1))’ I=5
for volume V. Equation (2) can be used to compute
the induced dipole moment via p; = a;E,;. Here Ey is
the applied field in cartesian direction j. All of the geo-
metrical information of the particle is determined by L;
via the three semiaxes of the ellipsoid as is given in
van de Hulst (1981, p. 71). This paper is }concemed
with two special cases of an ellipsoid, oblatle and pro-
late spheroids, in which two of the three semiaxes are
equal. Again, the optical properties of the material enter
through the complex refractive index m.

2,3 (2)

b. From Mueller elements to radar observables

The scattering (Mueller) matrix representls an inco-
herent average over an ensemble of particles with re-
spect to size, shape, and orientation and is expressed in
terms of the elements of the amplitude scattering matrix
(Evans and Vivekanandan 1990):
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where N, is the number concentration of the particles
and § has units of inverse length. The Mueller matrix
is a linear transformation between the Stokes parame-
ters of the incident radiation and the Stokes parameters
of the scattered radiation: (I, @, U, V) = S§(I,, Qy, U,,
Vo). In general, the Mueller matrix elements are com-
puted for each combination of scattered and incident
angles. In monostatic radar applications, however, the
Mueller matrix is expressed in terms of backscattering
only.

Radar observables can be expressed in terms of the
elements of the Mueller matrix as follows. For a linear
polarization basis the effective (or equivalent), copolar
radar reflectivity factors are

Zyy, = c(Si1 — S — 82 + 52),
Zy=c(S1 + S+ S + S»)
and the cross-polar expressions are
Zy,=c(S)y — S+ S — S»),
Zp, = (S + 812 — S — Sn). (4b)

As above, the subscripts on Z indicate the polarization
of the scattered and incident radiation, and the sub-
scripts on S indicate position in the matrix S. The un-
polarized radar reflectivity factor for ice is given by Z;
= 3(Zw + Z,,). The constant ¢ = 10°4x\*/(2|K, |*n?)
{see Eq. (4.24) in Battan (1981)]. The factor 4x/2
comes from the definition of the Mueller matrix, relat-
ing the differential scattering cross section to the back-
scattering cross section, and the 10 is a unit conversion
to mm®/m’. The parameter K; is expressed in terms of
the complex refractive index of ice (m = n — ik): K;
= (m? - 1)/(m® + 2).

(4a)

¢. Properties of cirrus clouds

For the purposes of this work, microphysics are de-
fined as those characteristics of individual ice particles
or of ensembles of ice particles that are required to
model their scattering properties. These include ice par-
ticle habit, size, aspect ratio, orientation (hydrodynam-
ics), size distribution, ice water content (IWC) and the
complex refractive index. To date, methods of detect-
ing ice crystals smaller than approximately 100 pm
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from in situ probes are limited and difficult to interpret,
and the interpretation of particle morphology and size
from 2D probes and replicator images is subject to large
uncertainties. It can be concluded that the microphys-
ical properties of upper-level ice clouds are the least
known and most uncertain aspect of this paper.

Ice crystal habits tend to be hexagonal in nature and
either of platelike or columnar varieties. Dowling and
Radke (1990) report columns, bullets, rosettes, and
plates as being typical, although they note that the lit-
erature is not yet extensive enough for this list to be
definitive or to offer relative abundances. Hollow col-
umns, bundled columns, and irregular crystals have
also been observed (e.g., Heymsfield and Platt 1984;
Liou 1986). In this paper, hexagonal columns, hollow
columns, and hexagonal plates are modeled. For an en-
semble of hexagonal columns, we expect the faces and
edges to be randomly oriented. Therefore, hexagonal
columns are approximated by cylinders with an equal
volume and aspect ratio. Although spatial rosettes are
not modeled, planar rosettes are in an attempt to capture
some of their irregular features.

Cirrus particle sizes are often characterized by their
major dimension, which tends to range from 10 ym to
2000 pm. Based on mass-weighted estimates, Dowling
and Radke (1990) report a ‘‘typical’’ size of 250 um.
The aspect ratio is defined as the ratio of the minor
dimension (d) to the major dimension (D); therefore,
0.0 < d/D = 1.0. The relationship between the major
and minor dimensions of plates, columns, and hollow
columns has been parameterized empirically by Auer
and Veal (1970). The parameterization for plates is
reported as d = 2.020D°%** for all D (d and D in ym).
Because the number of dipoles in the DDA becomes
computationally prohibitive for plates when D > 200
pm, this relation must be modified

d =2.020D°* D < 200 ym
d=0.D, D > 200 um.

This is an artifact of how the dipole spacing is deter-
mined; to ensure consistency from particle to particle
the number of dipoles is fixed across the minor dimen-
sion (six dipoles in most cases) and the dipole spacing
is allowed to vary. For columns and hollow columns
Auer and Veal’s (1970) results are used directly

(5a)
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d = —8.479 + 1.002D — 0.00234 D>
D <200 um (5b)

d=113D"*% D > 200 um.

The aspect ratio of the individual spines on the planar
rosettes is set to

d=0.16D allD (5¢)

based on numerical constraints and estimates from im-
ages of ice crystals captured on replicator slides during
the First International Satellite and Cloud Climatology
Field Experiment II near Coffeeville, Kansas. The pho-
tographs of the replicator slides have been provided by
N. Knight (1993, personal communication).

Cirrus particles are portrayed as falling with their
major dimensions oriented in a horizontal fashion with
some canting (e.g., Liou 1986; Sassen 1980). Within
this horizontal plane, each azimuthal orientation will
occur with equal -probability. To simulate this random
orientation the backscattering amplitudes are azimuth-
ally averaged over several equally spaced incident an-
gles (between 0° and 180°). The particle is determined
to be randomly oriented when the output is <1% rel-
ative to a reference case of 12 angles. The results are
summarized in Table 2. Throughout this paper the ice
crystals are assumed to be randomly oriented in the
horizontal plane. Although the effects of canting on
radar signals are significant (Matrosov 1991; Vivek-
anandan et al. 1991), a canting angle of zero is assumed
in this work for numerical expediency.

The modified gamma distribution is commonly used
to represent cirrus particle size spectra (e.g., Dowling
and Radke 1990; Kosarev and Mazin 1991; Matrosov
et al. 1992):

N(D) = ap%e-?, b= 21387

D, (6)

which gives the number of ice crystals per unit volume.
The two free parameters, D,, and @, govern the char-
acter of the distribution. The parameter « is related to
the width of the distribution, whereas D,, is the median
diameter of the volume distribution [D*N(D)]. The
coefficient a is determined by a renormalization pro-
cedure based on the specification of the IWC.

Values of IWC have been reported in the range of
0.0001 to 3.0 g m~?, and a typical value is 0.025 g m ™’
(Dowling and Radke 1990). The refractive index is
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computed at —27°C since m is weakly dependent on
temperature at these wavelengths (Warreni 1984): for
A = 1.44 mm, m = 1.781 — §0.0048; for A\ = 3.16 mm,
m = 1.782 — j0.0028; for)\—866mm|m—1783
- 100014 and for A = 22.21 mm, m =1.783
— i0.0007.

3. Single particle scattering |

The validity of the Rayleigh model is now checked
against DDA results. The ability of sphermds to rep-
resent more complex shapes is also exammed using the
DDA. For this purpose hexagonal plates and columns
are considered with major dimensions of 50, 200, 600,
1000, 1400, and 2000 um and aspect ratio§ as defined
previously. The dimensions of the correspon!ding oblate
and prolate spheroids are determined by preserving vol-
ume and aspect ratio with its hexagonal counterpart
[i.e., Egs. (5a) and (5b)]. The wavelengths used are
1 44 3.16, 8.66, and 22.21 mm. At this pomt it is con-
venient to define the optical size x = 2ar/ )\{ for sphere
of radius r (the expression ‘‘size parameter’’ is also
commonly used). For nonspherical particle’s it is com-
mon to define an effective optical size xe’= 2nr./\,
where r, is the radius of a sphere possessing a volume
equal to the original particle.

a. Limitations of the Rayleigh model

Van de Hulst (1981) notes that there are two criteria
to be met for Rayleigh scattéring:

1) The applied field must be constant across the par-
ticle: size <€ A/2n (for a sphere, x <1).

2) The internal field must remain in phase with the
external field; that is, the applied field should penetrate
the particle thoroughly and rapidly: |m| -siie <\ 27
(for a sphere, |m|-x < 1). |

It is the first condition that is often stated il?l the liter-
ature whereas the latter condition is often overlooked,
yet it may not be entirely insignificant. For example, at
millimetric wavelengths |m| ~ 1.8 for ice. Thus, in
exploring the limitations of the Rayleigh model for
spheroids, one must be mindful of both cnterla

To determine the validity of the Raylelgh approxi-
mation, we define the fractional difference in effective
radar reflectivities between Rayleigh spheroids and
DDA spheroids (Zy.y — Zppa )/Zg.y - Using Egs. (3) and
(4), this reduces to

TABLE 2. The number of azimuthal angles averaged to simulate a horizontal, randomly oriented particle. Note D is the major dimension

of the ice particle and rosette 3 and rosette 4 refer to planar rosettes with 3 and 4 spines, respectively.

Wavelength Hexagonal plates Cylinders Rosette 3 Rosette 4
A =3.16 mm D =< 1000 pm: 3, D < 1000 pm: 4, D < 1000 pm: 4, 3

D > 1000 pm: 4 D > 1000 pm: 5 D > 1000 pm: 5
A = 8.66 mm 3 4 4 3
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Ao = 100 (| Flzey — | Flpoa)/ | Fliey [%1, (7)
where F is an element of the backscattering amplitude
matrix in (1). The fractional difference Ao can be
thought of as an error in the backscattering cross sec-
tion and will possess the same polarization as F. Figure
1 presents Ao, and Ao, for oblate spheroids as a func-
tion of the effective optical size. The cross-polarization
terms (F,, and F,,) are negligible, which is to be ex-
pected from perfectly horizontal, platelike ice particles;
therefore Ao, and Ao, are omitted from this figure.
Had these particles been canted, then F,,, and F},, would
have been nonzero. The analogous plots for prolate
spheroids are presented in Fig. 2, including Ag,,. The
radar elevation angle is denoted by ©.

In both Figs. 1 and 2 there is an abrupt change in the
slope of the Ao, indicating a violation of the Rayleigh
assumptions. The effect is less pronounced for prolate
spheroids than for oblate spheroids, which is caused in
large part by the optical sizes of the prolate spheroids
being clustered toward smaller values, but particle
shape is a factor as well. The analysis of oblate sphe-
roids is more straightforward and shall be dealt with
first.

Inspection of Fig. 1 suggests that both of the
Rayleigh criteria are being violated. For ® = 0°, 30°,
and 60°, both Ao, and Ao, monotonically ap-
proach 100%. As the optical size becomes large,
| Fl3pa/| Fley — 0 and Ao — 100%, indicative of the
power law behavior of Rayleigh scattering and consis-
tent with the violation of the first criterion. However,
for ® = 90° the Ao have a local maximum (negative,
indicating that DDA exceeds Rayleigh) near x, ~ 0.8
(Figs. 1a and 1b). Here it is possible that the second
criterion is being violated because of resonance effects,
which the more sophisticated DDA model can capture
but the Rayleigh model cannot. This phenomenon oc-
curs because of the retardation of the internal field with
respect to the external field causing a relative phase
shift between them (cf. section 6.4, p. 75 and Fig. 24,
p- 151 van de Hulst 1981). Also diffraction/interfer-
ence phenomena can be ruled out since they occur at
much larger optical sizes (on the order of x = 6 for
spheres).

This argument is applicable to Figs. 2a, 2b, and 2d
as well, where the undulatory character of Ao with
increasing . is even more suggestive of resonance. For
prolate spheroids the asymptotic behavior is nowhere
monotonic and approaches 100% much more slowly
than in Fig. 1 or not at all. For prolate spheroids the
second Rayleigh criterion appears to be most relevant.

There is a general disagreement of about 5% be-
tween the two models at the smallest optical sizes (ap-
proximately x, < 0.1), where one might expect the
best agreement. This is most evident in Figs. 1c and 2c.
There are two conspicuous exceptions to this: in Fig.
Ic Ag,, = —10% for ® = 90° and in Fig. 2d, where
Ao, =~ 20% for all ® presented. These discrepancies
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should be treated as an error in the DDA, since they
occur at the smallest optical sizes where the Rayleigh
approximation is expected to be valid. Potential sources
of error in the DDA include the poor representation of
the true shape and the approximate nature of the DDA
itself (the number and spacing of dipoles, representa-
tion of dipoles as cubes, the ‘‘self >’ terms of the di-
poles). Under these circumstances the misrepresenta-
tion of the true shape is probably the most significant
effect. The behavior of the DDA at very small optical
sizes is a matter that requires additional research.

To determine the limitations of the Rayleigh model
for spheroids, we specify a criterion of Ag,; = +*15%
beyond which the Rayleigh approximation does not
hold. Although such a criterion is implicitly subjective,
it is not arbitrary because (i) one cannot choose a value
more accurate than the methodology allows (i.e., see
discussion in the preceding paragraph) and (ii) an error
of 15% corresponds to an uncertainty of approximately
0.6 dB in the radar reflectivity factor, which is a con-
servative value in meteorological radar analysis (e.g.,
see appendix B in Rinehart 1991). The results of this
analysis are summarized in Table 3. Values in this table
indicate the point at which the Rayleigh approximation
breaks down in terms of the major dimension of the
particle based on the +15% criterion.

The optical size has been used to present these data
in Figs. 1 and 2. Using (5a,b), the equations for the
volume of oblate and prolate spheroids and x, = 2=,/
\, the major dimension can be expressed in terms of
X. for oblate spheroids

xx 1.225

D= 0.750[76] , D < 200 ym

M
i

D=2.154[ ] D > 200 ym

and for prolate spheroids

Il
el
>
a
| S—
W

D[—8.479 + 1.002D — 0.00234D?]?

)\ ; 1.641
D= 0.070[—’—‘—] , D > 200 ym.
ig

For example, consider radar elevations < 30° and a
wavelength on the order of 1 mm. Then we observe
that for oblate spheroids with major dimensions in ex-
cess of 200 um and prolate spheroids with major di-
mensions in excess of 300 pm, the Rayleigh approxi-
mation is no longer valid based on the above criterion.

b. Validity of spheroidal shapes

It is a common practice to model millimeter-wave
scattering by nonspherical hydrometeors using oblate
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Fic. 1. The fractional difference (%) in reflectivity between the Rayleigh and DDA models for
oblate spheroids. Panels (a) and (b) are for vertical and horizontal polarizations, respectively. The
scale has been expanded in panel (c) to highlight the features for small x,. The wavelengths are
1.44 mm, 3.16 mm, 8.66 mm, and 22.21 mm.

and prolate spheroids. Thus, given the true nature of
cirrus particles, it is natural to pose the question: How
well do spheroidal particles represent more realistic ice
particles with respect to the backscattering of milli-
metric radiation? This issue is addressed in a manner
analogous to the previous section [Eq. (7)]. The frac-
tional difference in effective radar reflectivities be-
tween the hexagonal and spheroidal particle represen-
tations is

A =100 (| Flie = | Fl3n)/| Flix  [%]. (8)

where the subscript Hex denotes hexagonal parti-
cles (plates or columns) and the subscrlpt Sph
indicates spher01da1 particles of equal volume
and aspect ratio (oblate -or prolate). The back-
scattering properties of both the hexa‘gonal and
spheroidal particles are computed with the DDA.
For this analysis, A = 22 mm has been omltted As
before, any fractional difference less than *15% is
deemed to be acceptable based on the same ration-
ale. In each of the following figures the |fractional
difference is presented as a function of :the major
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the cross polarized (‘vh’) fractional difference.
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