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Abstract 

The extinction and absorption efficiencies of a cube at light incidence normal to its four-fold symmetry axis are calculated 
using the anomalous diffraction theory (ADT).  The results are compared with those based on the discrete dipole approximation 
(DDA).  It is shown that for certain cases of  the orientation of  a cube relative to the direction of the incident light the extinction 
efficiency calculated using DDA and ADT do not agree. However, the ADT-based absorption efficiencies for the cases studied 
are dependent on a particle volume and exhibit smaller errors. Hence the validity of the ADT for cubes is not as good as for 
spheres. 

1. Introduction 

Nonspherical particles are common in nature. Ex- 
amples are hexagonal ice crystals, interstellar dust and 
aerosols. Light scattering by irregular particles is of 
importance e.g. in the remote sensing of cirrus clouds 
[ 1 ] and in studying of their influence on climate and 
climate feedback [ 2 ]. It is also important in studying 
the influence of the aerosol shape to Earth's global 
albedo [3] and in estimating the microphysical 
properties of interstellar dust [4,5 ]. The exact solu- 
tions of Maxwell equations are known for several 
simple shapes [ 6,7 ] (spheres, infinitely long cylin- 
ders, and spheroids) only. Thus, there is a need to 
resort to numerical procedures such as the discrete 

dipole approximation [ 8 ]. The DDA is a flexible and 
general technique for calculating the scattering and 
absorption characteristics of arbitrarily shaped par- 
ticles but it requires rather large computer storage and 
CPU time [9,10 ]. One of the most frequently used 
approximate methods is the anomalous diffraction 
theory [6] (because of its simplicity) which can be 
applied in case of optically soft particles ( I m -  11 << 1 
where m = mr~ + imim is the refractive index of a par- 
ticle) large compared to the wavelength 2 of the in- 
cident radiation. The validity of the ADT was tested 
for spheres and infinite circular cylinders by compar- 
ing the results for extinction and absorption efficien- 
cies with those obtained from the exact solution of 
MaxweU's equations [ 6,1 l -  14 ]. Other shapes were 
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studied including: cube for particular orientations 
relative to the direction of the incident light [ 15,16 ], 
hexagon in arbitrary orientation [ 17], arbitrarily 
oriented thin disc and ellipsoid of revolution [ 18 ], 
and prismatic columns perpendicular to the incident 
radiation [ 19,20 ]. 

In this paper we discuss comparisons between rig- 
orous and approximate methods for cubes. 

2. Discrete dipole approximation 

The DDA replaces the solid particle with an array 
of Npoint dipoles occupying positions on a cubic lat- 
tice (see Fig. 1 ) [ 8-10 ]. The lattice spacing d has to 
be small compared to the wavelength of the incident 
radiation. Each dipole i is characterized by an oscil- 
lating polarization Pi, 

P1 =otiEi ( 1 ) 

in response to the total electric field Ei at its position; 
E~ is the sum of the incident plane wave and the elec- 
tric fields from all of the other dipoles in the array 
and ai is the ith dipole polarizability. 

The scattering problem can be compactly written 
a s  

Fig. 1. Pseudocube composed of  30 × 30 × 30 dipoles on cubical 
lattice. 

AP=/~i,c, (2) 

where .4 is a 3N× 3N symmetric complex matrix de- 
pending on the particle shape, dielectric properties 
and the ratio of the interdipole distance to the inci- 
dent wavelength, P is a 3N dimensional unknown 
vector of dipole polarizations and/~i.c is a 3N dimen- 
sional vector of the incident electric field. The pre- 
scription for the polarizabilities, the lattice disper- 
sion relation (LDR), follows recent work of Draine 
and Goodman [21 ]. The conjugate gradient (CG) 
algorithm together with the fast Fourier transform 
(FFT) method is used to solve Eq. (2) [ 9,10 ]. Once 
the polarization of every dipole in an array is found 
the scattering and absorptive properties of the parti- 
cle approximated by this array of dipoles can be cal- 
culated [ 9 ]. 

3. Anomalous diffraction theory - basic concepts 

As it was pointed out in Sect. 1 the anomalous dif- 
fraction theory of van de Hulst [ 6 ] is being actively 
developed. The method is simple and was validated 
for a large range of sizes for spheres and cylinders 
[ 6,11-14 ]. However, the polarization effects cannot 
be treated within the ADT and it is unknown if ex- 
trapolations based on the comparisons with the exact 
solution for spheres and cylinders hold universally for 
other shapes. 

Efficiencies in the ADT can be calculated by the 
two-dimensional integral. It can be shown [ 18,20] 
that the extinction efficiency is given by 

O~x~= ~ [ l - e x p ( - r )  c o s ( p ) l d P ,  (3) 

and the absorption efficiency is 

Q~D~= ~ [ 1 - e x p ( - 2 r ) l  dP,  (4) 

where 

p = k l ( r n ~ - l )  , (5) 

r = klmim, (6)  

l is the distance the light travels inside the particle, k 
is the wavenumber (k= 2~t/:t) and P is the projected 
area of a particle on the plane perpendicular to the 
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Fig. 2. Cube in arbitrary orientation. The shadow of  a cube is presented. It is obtained by projecting vertices and calculating their convex 
hull. The distances inside a cube are also shown. 

direction of the electromagnetic wave. The solution 
of Eqs. (3) and (4) depends on a distance I which 
the light passes through the particle. For most shapes 
it can be done analytically but due to the complexity 
of the results the studies are often limited to "easy" 
orientations of  the particle relative to the direction of 
light [ 15,19,20 ]. In the next section we present a new 
and fast algorithm based on the ray-tracing method 
valid for convex particles in arbitrary orientation. 

4. The ray-tracing scheme 

To get the distance I needed to calculate the phase 
shifts (5) and (6) we use a ray-convex polyhedron 
algorithm [ 22 ]. This requires defining a target by its 
vertices. Such assumption is not limiting: cube, 
prisms, and polygonal approximations to spheres and 
cylinders can be defined by a linked list of vertices. 

A particle is defined by a vertices of polyhedron. 
Thus, for example, a cube is de]fined by eight vertices. 
The vertices are used in connectivity list which gives 

a set of co-planar faces (polygons) defining the ob- 
ject. Thus, a cube would have six such faces. A target 
can be arbitrarily rotated. After defining the object 
we project its vertices on a plane and we calculate the 
convex hull of projected vertices [23,24]. We also 
define a rectangular grid encompassing the convex 
hull. For each line intersecting the rectangular grid 
and parallel to the light propagation we calculate the 
distance l inside the polyhedron using the ray-poly- 
hedron intersection algorithm [ 22 ] (see Fig. 2). In 
this way we obtain a distance array for arbitrary ori- 
entation of an object. The validity of this algorithm 
was established by implementing it and comparing 
the results with the analytical ones. 

5. Results 

We present the DDA and ADT calculations for ex- 
tinction and absorption efficiencies of a cube at light 
incidence normal to the four-fold symmetry axis of a 
cube. A cube is assumed to be rotated around y-axis 
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Fig. 3. Extinction efficiency of a cube at face incidence (0=0) 
calculated using DDA (DDA(0)) and ADT (ADT(0)) togeth- 
er with extinction efficiency of a sphere calculated using Mie 
theory and ADT (ADT (S)). Refractive index of particles m = 
1.33+0.01i. Error (0) = I Q~st(ADT(0) )/Q==(DDA(0) ) - 1 I, 
error (S)= I Q~,t(ADT(S))/Q,,,(Mie)- 11. 
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Fig. 4. Extinction efficiency of a cube at middle incidence (0= 
7t/8) and at edge incidence (0=st/4) calculated using DDA 
(DDA(0)) and ADT (ADT(0)) (0= 7t/8, 7t/4). Refractive in- 
dex of particles m= 1.33+0.01i, Error (0)= IQ~t(ADT(0))/ 
Q,~t (DDA (0)) - 1 I. 

by an angle 0; the 0 = 0  case is presented in Fig. 1 
where the di rect ion o f  the inc ident  light (x-direc-  
t ion )  is normal  to one o f  the faces of  a cube. Three  
different  or ienta t ions  o f  a cube relat ive to the incom- 
ing light have been considered: face incidence (0 = 0 ), 
middle  incidence ( 0 = 7 t / 8 )  and  edge incidence 
(0 = 7t/4 ). The  efficiencies o f  ext inct ion and absorp-  
t ion are normal ized  to the projec ted  area  of  a sphere 
o f  radius  aeff and  o f  a volume equal to a volume o f  a 
cube. Calculations are performed in the range x =  0 .5 -  
15 o f  size parameters  where x = 2~aeff/2. The A D T  is 
not  nomina l ly  va l id  for small  size parameters  x and 
we ignore this range in our  discussion.  The efficien- 
cies are calculated for refractive index m =  
1.33+0.01i ,  m =  1 .2+0 .01 i  and  m =  1.33. The  reso- 
lut ion o f  the cubic lat t ice was var ied  to keep the di- 
pole-size related pa ramete r  I m l k d  in the 0.6-1.1 
range and computa t iona l  t ime manageable  [21 ]. 
Thus, for x =  0 .5-5  we used a 16X 16×  16 lattice, for  
x = 5 . 5 - 1 0  we used a 2 5 X 2 5 X 2 5  lat t ice and for 
x =  10.5-15 we used a 3 0 X 3 0 × 3 0  lattice. Thus, the 
amount  of  dipoles  used was var ied  between N =  4096 
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Fig. 5. Same as Fig. 3, but for m =  1 .2+0.01 i .  
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Fig. 6. Same as Fig. 3, but for m= 1.33. 
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Fig. 8. Same as Fig. 3, but for absorption efficiency. 
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Fig. 7. Same as Fig. 4, but for m= 1.33. 
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Fig. 9. Same as Fig. 4, but for absorption efficiency. 

and N =  27000. The fractional error convergence cri- 
terion for the conjugate gradient solver was set in the 
10 - s -10  -3 range. Less precision was requested for 
larger size parameters to reduce computer  time. 

The extinction efficiencies o f  a cube calculated us- 

ing DDA and ADT methods as a function o f  the size 
parameter x are presented in Figs. 3:7.  Figs. 3, 5 and 
6 present also Mie solution versus ADT comparisons 
o f  extinction for spheres. The relative error in Qex~ is 
shown. The results for the edge incidence o f  light 
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( 0 = ~ / 4 )  for m = 1 . 3 3 + 0 . 0 1 i  and  m = 1 . 3 3 ,  pre- 
sented in Figs. 4 and  7, respectively show fairly good 
agreement  between the two methods.  The error  is 
s imilar  to that  between exact solut ion for spheres and  
the A D T  in this size pa ramete r  range (see Figs. 3 and  
6)  and  is less than 30%. Surprisingly, the O= ~/8  case 
(Figs. 4 and 7) shows much larger devia t ions  be- 
tween D D A  and ADT. The error  exceeds 30% and 
the A D T  curve is shif ted relat ive to the D D A  curve 
(the A D T  m a x i m u m  for both  m =  1 .33+0.01 i  and  
m =  1.33 is shifted by Ax___0.5 in compar i son  to the 
D D A ) .  The most  p ronounced  disagreement  for both  
refractive indexes appears  for face incidence case 
(Figs. 3, 6) .  The  shift o f A x ~  1 is observed and the 
errors are larger in compar i son  to the edge and the 
middle  incidence cases. Fo r  the m =  1.33 case the er- 
ror  reaches 100%0. Fo r  face incidence case and 
m =  1 .2+0 .01 i  a shift between both  curves is even 
larger and reaches A x _  2 (Fig. 5).  The error  there 
exceeds 500/0 for x =  15. 

Figs. 8 and 9 show absorpt ion  efficiencies for the 
three or ientat ions  of  a cube relat ive to the incident  
light and  for rn = 1.3 3 + 0.01 i. A qual i ta t ive  behavior  
is s imilar  to that  for Mie  versus A D T  for spheres. Ab- 
sorpt ion seems to be independent  in this size range 
o f  a part icle  shape. This  result agrees with the result 
of  the semiempir ica l  theory of  Pol lack and  Cuzzi [ 3 ] 
who notice that  for 2 m i x <  1 the absorp t ion  depends  
on the part icle  vo lume and not  on its shape. Thus,  
the absorpt ion for optically soft cubes in the size range 
s tudied can be approx ima ted  by the ADT. Addi-  
t ional  empir ica l  correct ions are needed,  def ined in a 
s imi lar  way to correct ions for spheres [12] .  Such 
semiempir ica l  correct ions  for ext inct ion and scatter- 
ing efficiencies are more  difficult  to establish due to 
the sensi t ivi ty o f  these efficiencies to the shape o f  a 
particle.  

6. Conclusions 

In this  paper  we compare  efficiencies for light scat- 
tering on cubes using r igorous and approx imate  

methods.  We show that  ext inct ion efficiencies do not  
agree for certain cases o f  light incidence. We con- 
clude that  the A D T  cannot  be used as a rule for scat- 
tering by arbi t rary  shaped part icles without  verifica- 
t ion with r igorous methods.  
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