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ABSTRACT

The three-dimensional equation of radiative transfer is formally solved using a Fourier-Riccati approach
while calculations are performed on cloudy media embedded in a two-dimensional space. An extension to
Stephens’ work, this study addresses the coupling between space and angle asserted by the equation of transfer.
In particular, the accuracy of the computed radiation field as it is influenced by the angular resolution of the
phase function and spatial discretization of the cloudy medium is discussed. The necessity of using a large
number of quadrature points to calculate fluxes even when the phase function is isotropic for media exhibiting
vertical and horizontal inhomogeneities is demonstrated. Effects of incorrect spatial sampling on both radiance
and flux fields are also quantified by example. Radiance and flux comparisons obtained by the Fourier-Riccati
model and the independent pixel approximation for inhomogeneous cloudy media illustrate the inadequacy of

the latter even for tenuous clouds.

1. Introduction

Radiative transport is intimately connected with
numerous important climatological processes. It is
therefore reasonable to suppose that better under-
standing of these processes can be attained by a more
accurate treatment of cloud-radiation interactions.
Although it is evident that clouds are inhomogeneous
structures, little attention has been paid to the effects
exerted by cloud microstructure on the radiation field
(cf. Lovejoy et al. 1990 and references therein ). Hence,
it is expected that inadequate treatment of cloud mi-
crostructure must introduce errors in the computed
radiances whose magnitudes cannot be known nor are
easily estimable and can lead to paradoxes such as the
albedo paradox (Wiscombe 1984). The problem is
complex, involving in the general case the solution of
the three-dimensional radiative transfer equation
(RTE).

To simplify the problem, often the effects of hori-
zontal inhomogeneity are artificially introduced by ei-
ther subdividing a region of space into areas, each as-
sumed uniform and over which plane-parallel theory
is assumed locally applicable (the so-called independent
pixel approximation ), or through the related notion of
a cloud fraction. The latter implies that cloud and ra-
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diance fields are uncorrelated (Stephens 1988). Con-
versely, the “averaged™ optical properties of naturally
occurring clouds, such as their phase function or optical
depth, are often derived by associating radiances exiting
plane-parallel slabs to these optical properties as if the
correspondence was one to one. Although abundant
evidence exists attesting to the nonuniformity of clouds
(King et al. 1981; Lovejoy 1982; Derr and Gunter 1982;
Tsay and Jayaweera 1984; Rhys and Waldvogel 1986;
Kuo et al. 1988; Welch et al. 1988a,b; Cahalan and
Joseph 1989; Yano and Takeuch 1990) and radiation
(Cahalan 1989; Weilicki and Welch 1986; Gabriel and
Lovejoy 1988), the continuing use of plane-parallel
theory is probably rooted in the hope that over suffi-
ciently large spatial scales clouds have a plane-parallel
character or equivalently, that the effects of horizontal
structures present in clouds are unimportant.

This paper presents a method of solution of the RTE
that allows for the investigation of the relationship be-
tween spatial sampling of the cloudy medium and the
emerging radiances and the angular resolution required
of these radiances to accurately calculate the flux fields.
While there are several works detailing how to solve
the two- and three-dimensional RTE (most of these
are summarized in Table 1), the important spatio—
angular coupling implied by the transfer equation has
not received adequate attention. To address this prob-
lem, a spectral model of the RTE has been formulated
and implemented. Known herein as the Fourier-Ric-
cati model, it is representative of a large class of spectral
models and is an extension of the work by Stephens
(1986).

The orientation of this work is pedagogical. Clouds
are characterized by spatially continuous, periodic ex-
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TABLE 1. Literature survey of techniques used to solve the two- and three-dimensional radiative transfer equation.

This survey extends from 1975 to 1992,

Year Reference Physical situation Method of solution

1975, 1978 Romanova Uniform illumination of a periodic cloud at Perturbation series expansion of the radiance.
its upper boundary. Harmonic Elements of series decomposed by Fourier
extinction, scattering functions of the expansion. Analytic expressions for single
form: o = (1 + € cos{wx)) and scattering and for the radiance are found in the
s = so{1 + € cos(wx)). small-angle approximation associated with a

strongly forward-peaked phase function. The 1978
paper provides some numerical results.

1976 Romanova Uniform illumination of a periodic cloud at Use of invariance principles to formulate expressions
its upper boundary. Extinction and for scattering and transmission operators.
scattering functions are expressed as a Medium assumes only horizontal
Fourier series. inhomogeneities.

1981 Romanova and See 1976 reference. As in 1976 reference. Numerical solutions obtained

Tarabukhina for isotropic phase functions in semi-infinite
atmospheres over a range of single scattering
albedos.

1983 Mironova See 1976 reference. As in 1976 reference. This paper is a correction to
the 1975 paper of Romanova. Numerical results
are provided for phase functions associated with
various monodispersions.

1984a, b Diner and Uniform illumination of a periodic, three- Transformation of three-dimensional equation of

Martonchik dimensional, vertically nonuniform transfer to a system of one-dimensional transfer
atmosphere bounded by a reflecting, equations using Fourier transform technique.
nonuniform surface. Numerical results obtained by Gauss-Seidel

iterations.

1985 Diner and As in 1984a,b reference. Interaction principle used to develop adding and

Martonchik doubling technique for numerically solving the

one-dimensional transfer equation in 1984a,b
references.

1985 Romanova See 1976 reference. The possibility of Perturbation method as in 1975 paper. Spatially
gaseous absorption is allowed provided averaged quantities are obtained via a Fourier
that the volume absorption coefficient is transform technique. Phase functions are
uniform within the cloud layer and that approximated by the delta-Eddington method.
the transmission function of the gas can
be approximated by exponential sum
fitting. A method is developed to
calculate the spatially averaged
absorption without requiring the
spatially averaged albedo or
transmission.

1986 Stephens Uniform illumination of a two-horizontally Media is assumed vertically uniform. Two-
inhomogeneous cloud subject to periodic dimensional transfer equation is Fourier-
boundary conditions. transformed into a one-dimensional system of

ordinary differential equations. A doubling
method is used to calculate the radiances. Use of
the interaction principle leads to a global response
operators defined by a system of nonlinear matrix
initial value problems.

1988 Stephens See 1986 reference. A formulation of the RTE based on scale hierarchy
and closure is presented that provides a means for
studying the effects of spatial inhomogeneity and
scale interactions on the radiative transfer.

1989 Calahan Fractal clouds characterized by a single Monte Carlo simulations and independent pixel

parameter with periodic and open approximations.
boundary conditions subject to uniform/

slant illumination on the upper

boundary.

1990a Lovejoy et al. This paper develops discrete angle radiative See 1990b, 1990c.
transfer theory for fractal and
homogeneous clouds.

1990b Gabriel et al. Fractal clouds with normal illumination Renormalization of the discrete angle equations used

subject to periodic and open boundary
conditions. Conservative scattering was
assumed.

to obtain a power law behavior of domain-
averaged albedo in the thick cloud limit.
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TABLE 1. (Continued)

Year Reference Physical situation

Method of solution

1990c Davis et al. See Gabriel 1990b.

1991 Kobayashi See Stephens 1986.

1991 Davis et al.

conditions were applied.

1992 O’Brien See Stephens 1986.

1992 Evans

A multifractal cloud model was
investigated numerically for various
mean optical depths. Periodic boundary

Radiative transfer in general media subject
to periodic boundary conditions. Media
embedded in two dimensions.

Discrete angle radiative transfer equations were
solved using relaxation methods to obtain the
radiances inside a fractal lattice. Fluxes were also
obtained using forward Monte Carlo simulations.

This work follows the methodology of Stephens’
1986 paper. Unlike in Stephens, the solar zenith
angle is not a quadrature angle and the solution is
determined by the discrete ordinates method.

Forward Monte Carlo simulations were applied to
obtain all internal and exiting radiative fields in a
discrete angle approximation. The discrete angle
radiative transfer equations were also solved by
using relaxation techniques.

Backwards Monte Carlo technique solves equation
of transfer by a Neumann series. The high-order
integrals are efficiently calculated by sampling the
integrand using a Hammersley—Halton point
sequence. Convergence of the integrals is further
promoted by transforming path integrals to
transmission integrals, scattering integrals from
angle to fraction of phase function integrals.

The spherical harmonic spatial grid method is an
efficient numerical technique for calculating
radiances and fluxes in media embedded in two
dimensions. This method exploits the smooth
angular dependence of the radiance fields,
allowing them to be represented as a sum of
spherical harmonic terms. Spatial derivatives are
approximated by finite differences. This
algorithm’s numerical efficiency derives from the
diagonal representation of the scattering matrix.
Boundary conditions are approximated by a
method due to Marshak (1947). The resulting
linear system of equation is solved iteratively by
the conjugate-gradient method.

tinction and scattering functions embedded in two-di-
mensional space. Cloud distributions employed in this
study are not truly representative of naturally occurring
clouds. Instead, they have been kept sufficiently simple
1) to test the radiation model, 2) to help facilitate the
interpretation of model results, and 3) so that all that
can be learned from these simple models will also be
applicable to more complex situations. This is not to
detract from the generality of the radiative transfer
model; more realistic cloud distributions can be ac-
commodated, but at the expense of significant com-
puting time.

The structure of this paper is as follows. Section 2
contains notes on the methodologies used in solving
the two- or three-dimensional transport equation
spanning the years from 1975 to 1992. This section
also contains a description of the algorithms that were
used to verify the correctness of the implementation
of the Fourier-Riccati method. Section 3 gives some
background to the Riccati formulation and develops
the spectral model. In addition, connections to other
methods are described and for the special case of a
vertically uniform horizontally inhomogeneous cloud,
a convolutional interpretation of the solution to the

radiative transfer equation is offered. Section 4 estab-
lishes the connection between the particular Riccati
formulation developed in this study to that employed
in the solution to two-point boundary value problems.
The section also discusses properties of the Fourier—
Riccati equation such as its stability and efficiency, as
well as technical matters concerning its numerical in-
tegration. In section 5, the implementation of the Fou-
rier-Riccati method is tested by comparing numerical
results to two other methods. The dependence of the
radiance and flux on angular and spatial resolution are
discussed while paying particular attention to com-
parisons of the independent pixel approximation.

2. Review of the literature

A perusal of the meteorological literature where ra-
diative transfer theory is applied to clouds and atmo-
spheres reveals that the majority of radiation calcula-
tions to date have been performed using plane-parallel
models (e.g., Wiscombe 1983; Harshvardan 1991;
Kattawar and Thompson 1991) whose input can only
be a vertically stratified atmosphere. However, a grow-
ing awareness of the severe limitations imposed by
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horizontally uniform media has prompted a number
of investigators to develop radiative transfer models
that can accommodate vertical and horizontal inho-
mogeneities of clouds. Since clouds are the prime
source of variability of atmospheric radiation, there
has been a sustained interest in treating even simple
geometrical shapes such as cubes, spheres, cylinders,
and paraboloids of revolution by various methods while
maintaining internal uniformity (e.g., Busygin et al.
1973; McKee and Cox 1974; Davies 1976, 1978; Bark-
strom and Arduini 1977; Cogley 1981; Welch and
Zdunkowski 1981; Preisendorfer and Stephens 1984;
Stephens and Preisendorfer 1984). Developments by
Avaste and Vaynikko (1974), Busygin et al. (1977),
Aida (1977), Glazov and Titov (1979), Titov (1979,
1980), Davies (1984), and others consisted in arrang-
ing these homogeneous clouds into periodic or uni-
formly random arrays in order to simulate cloud fields.
By comparison, relatively little attention has been paid
to systems with internal inhomogeneities. A broad re-
view of such work on radiative transfer in nonuniform
media carried out between 1955 and 1975 is given by
Crosbie and Lindsenbardt (1978). Table 1 summarizes
applications of radiative transfer theory to inhomo-
geneous media relevant to the atmospheric science
community from 1975 to 1992. In almost all the ex-
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amples cited in the table, the cloudy medium is as-
sumed periodic with no horizontal boundary condi-
tions imposed.

3. Spectral approach to radiative transfer

In order to address the issues presented in section 1,
a general spectral formulation of the radiative transfer
problem is developed for media embedded in three-
dimensional space. Such a formulation is convenient
as it provides a launch point for spectral approaches
to one- and two-dimensional radiative transfer. In par-
ticular, it is conjectured that two-dimensional radiative
transfer studies can address the aforementioned issues
if the medium possesses arbitrary vertical and hori-
zontal spatial variability. It is asserted that all of the
numerical and interpretational difficulties associated
with three-dimensional radiative transfer are encoun-
tered with radiative transfer in media embedded in two
dimensions. This notion, pursued here, not only leads
to economy in computation, but also lends itself easily
to mathematical analysis and physical interpretation.

A prerequisite necessary for the development of the
Fourier-Riccati radiative transfer model is the Fourier
decomposition of the equation of transfer given in Ste-
phens (1988). Only the final result for the three-di-
mensional RTE is given here:

> 2 s(du, 0v;2) { T WP (e m)NES (2, £) + WP (— pi, N (2, Fayy)}
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where P™ is the mth Legendre component of the phase
function expansion, N%(z, +uo) the Fourier compo-
nent of the direct beam, Q}*( z, *u,) an internal source
function, and éu = ¥ — u’, v = v — v'. The quantities
X<5(m, m'y and Y ¢/*(m, m’') are related to the azi-
muthal coupling terms D(m, m'), E(m, m'), F(m,
m'), and G(m, m'), obtained by integrating the RTE
with respect to ¢ and defined in Stephens (1988). The
designators ¢/ s refer to the cosine and sine components
of the radiance amplitudes, respectively, associated with
the Fourier expansion of the total radiance. The mod-
ified coupling terms are defined as

xe " = uD(m, m')
u(m9m 2Lx >
vE(m, m’
Y (m, mty = LEU )

2L,

> 2 s(éu, 6v; )P (Eui, po) N2z, —po) + Qi(z, ), (1)
v'=—V u'=-U

s . uG(m, m')
Xu(m; m ) = 2L ’
s n_ VF(m, m’)
Yi(m, m') = 2L, (2)

This linear system of ordinary differential equations
given in (1) along with the Fourier transformed
boundary conditions constitutes a two-point boundary
value problem (BVP). One difference between the BVP
developed here and that of Stephens (1986, 1988) is
the explicit inclusion of the source terms. Whereas Ste-
phens constrains the solar zenith angle to one of the
quadrature angles, the solar zenith angle in this for-
mulation is arbitrary, as it is also in Kobayashi (1991).
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a. The Riccati transformation

The system of ordinary differential equations given
by (1) is an example of a local formulation of radiative
transfer, and has been solved for the radiances as a
BVP via several techniques as shown in Table 1. By
comparison, global formulations of interest here do
not involve the radiances directly. Instead, the central
concept is that of radiative responses of the optical me-
dium to a distribution of source functions. These re-
sponses are defined by the reflection and transmission
operators designated by R and T, respectively.

One reason for developing a response function for-
mulation is that R and T are calculated from a nu-
merically stable, parallel algorithm. In addition, the
response functions are independent of the boundary
conditions as will be demonstrated. This means that a
change in the boundary conditions will not require a
recalculation of these operators. Another reason for
pursuing such an approach is that its rich physical and
mathematical content allows for useful interpretations
associated with the transfer process not easily accessible
using other methods.

The radiative response operators can also be calcu-
lated by the doubling and adding method developed
by Grant and Hunt (1969) and van de Hulst (1965).
In those formulations, the composition relations for
the reflection and transmission operators are developed
for plane-parallel clouds of finite optical depth. Diner
and Martonchik ( 1985) using the interaction principle
developed adding and doubling relations to calculate
three-dimensional radiative transfer in periodic inho-
mogeneous media bounded below by a surface with
general reflection properties. Stephens (1986)in an in-
dependent work formulated a doubling relation used
to determine radiances in vertically uniform media
embedded in two-dimensional spaces.

If there is vertical variation in the extinction and
scattering functions, then it becomes necessary to slice
the cloud into slabs that are approximately internally
vertically uniform, calculate the reflection and trans-
mission functions via doubling for each slab, and then
repeatedly use adding formulas to determine the global
radiative responses of the entire cloud. In this kind of
a situation, the optimal division of the medium into
uniform layers is a trial and error process.

A differential formulation for R and T would cir-
cumvent this inconvenience (however, the issue of
choosing the correct number of quadrature points, azi-
muthal modes, and spatial discretization will always
exist), particularly when the cloudy medium is thick
and exhibits rapid vertical spatial fluctuations. In this
case an analysis of the equations could provide infor-
mation relevant to step size selection. Better still, the
differential equation solver could incorporate adaptive
step size control (e.g., Press et al. 1988). Employing
such a strategy is more efficient than trial and error
since the number of layers and the thickness of each
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layer can be automatically computed. In practice, it
has been observed that for vertically inhomogeneous,
optically thick clouds embedded in two dimensions,
combinations of doubling and adding can take signif-
icantly more time (twice as long in some cases) to
compute than solving the differential equations for R
and T when step size selection is deduced from stability
considerations alone. Furthermore, the adding and
doubling computation had to be performed several
times to ascertain whether convergence in the solution
had been attained. Even for plane-parallel geometry,
adding and doubling for vertically inhomogeneous,
thick media is computationally less efficient than other
methods, such as the discrete ordinates method of
Stamnes et al. (1988) (e.g., the well-known, heavily
used DisORT radiation code).

Mathematical simplification is attained by trans-
forming the partial differential equation of radiative
transfer into an ordinary integro-differential equation
depending only on the vertical depth z. Hence, the first
step in realizing a response function formulation is the
transformation of the horizontal gradients of the ra-
diance to algebraic terms, accomplished in Eq. (1).

The transformation of ( 1) into an initial value prob-
lem (IVP) proceeds in two stages. First (1) is recast in
matrix form as

dN* _

+ — * + *

= tN* +INT + QF,
where N* and QF are the radiances and source func-
tions in the positive (+) and negative (—) hemispheres
(see also Fig. 1). Next, the interaction principle graph-
ically illustrated in Fig. 1 is applied. The radiances and
the global response operators can now be written as

N*(z) = R(z, b)N(z) + T(b, z)N*(b) + (b, z)
N7(z) = R(z,0)N*(z) + T(0, z)N~(0) + 0, z),
(4)

where the term ¢ accounts for the internal or external
sources. Inserting these relations into equations (3)
yields

(3)

AR(2, D) _ p(z, byrR(z, b)
dz
+ R(z, D)t + tR(z,0) — 1 =0
% + R(z, b)rT(b, z) + tT(b,z) =0
% — R(z, byre(b, z) — R(z, b)N2
+te(z, b) = NS =0
dR(z,0)

+ R(z, 0)rR(z, 0)
dz

—R(z,0)t—tR(z,0)+r=0
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F1G. 1. Schematic representation of the interaction principle. A
layer extending from z = 0 to z = b is divided at z. The reflection
operator is R(z’, b). Transmission operator T(0, z'). Pseudosource
term ¢(b, z). Suppressing the angular dependence, the radiance in
the positive hemisphere at horizontal position coordinate s is

N*(s,z) = R(s, s, z, b))N (s, 2)

+ T(s, s, b, z)N*(s', b) + e(b, z).
The radiance in the negative hemisphere is
N~ (s,z)=R(s, s, z,0)N*(s, z)

+ T(s, s, 0, z)N™(s', 0) + €0, z).

The reflection, transmission operators, as well as the pseudosource
function are in general path dependent. The reflection and trans-
mission operators contain two coordinates, s and ', in their argument
because of the convolution between the extinction and radiance in
the Fourier domain asserted by Eq. (1).

dr (o0, z)
dz +
de(z,0)
dz

R(z,0)r7(0,z) —tT(0,2z)=0

+ R(z, 0)re(0, z)

+ R(z,b)NS —te(z, b) + N2 =0. (5)

These six equations suffice to calculate the emerging
radiances at the cloud boundaries or at any interior
point within a cloud. The terms N° and NY are the
radiances associated with single scattering in the lower
and upper hemispheres. The first and fourth of the set
of equations in (5) is known as the Riccati matrix dif-
ferential equation (RMDE). Examples of IVPs, these
equations have been studied in a more general form
given by

dK(z, b)

F K(z, b)AK(z, b) — K(z, b)B

—CK(z,b)—-D=0. (6)

The RMDE plays a central role in many diverse fields
such as control theory (Barnett 1984 ), neutron trans-
port (Bellman 1970), and plasma physics. It also enters
in the theory of Backlund transformations, used for
solving for nonlinear partial differential equations. An
analysis of its solutions using nonlinear superposition
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principles has been given by Harnad et al. (1983) and
Rand and Winternitz (1984).

Returning to (5), the initial conditions required for
its solution are

R(z=0,0)=0 R(z=b,b)=0
T(z=0,00=1 T(z=b,b)=0
€(z=0,0)=0 e(z=b,b) =0. (7

A cloud of zero optical thickness and a perfectly ab-
sorbing ground can have no diffusely reflected com-
ponent, and any incident diffuse radiation is trans-
mitted without attenuation or scattering. Hence, R (0,
z=0)=0and 7 (0, z= 0) = 1, respectively. The
condition ¢ (0, z = 0) = 0 states that in the absence of
sources, there is no diffuse radiation. Six equations are
required to specify the response functions of the me-
dium because the integrals defining R, T, and ¢ are
path dependent: integration from z = 0 to z = b yields
response functions differing from those obtained by
integrating from z = b to 0. If the internal radiances
are also required, then (4) may be solved for N7(z)
and N*(z). The results are

N*(z) = (I—- R(z, b)R(z, 0))™!
X [T(b, z)N*(b) + R(z, b)T(0, z)N™(0)
+ R(z, b)e(0, z) + €(b, z)]

N (z)= (I — R(z,0)R(z, b))’
X [T(0, z)N (0) + R(z,0)T(b, z)N*(b)
+ R(z,0)e(b, z) + €0, 2)]. (8)

According to Bellman (1970), Egs. (5) are associated
with the following picture: r can be identified with a
single backscattering, tR corresponds to reflection fol-
lowed by forward scattering, Rt corresponds to forward
scattering followed by a reflection, and RrR corresponds
to reflection, backscattering, and then reflection again.

These interpretations were originally applied to the
RMDE describing particle propagation in a one-di-
mensional rod and extended to plane-parallel atmo-
spheres described by Wing (1962). The scattering pro-
cesses described above were formulated in physical
space, whereas the RMDE of interest here is associated
with two-dimensional radiative transfer formulated in
the frequency domain. The response matrices are
complex operators that depend on u, u', u, y', m, m’,
and z. They operate on the diffuse incident radiances
[i.e., the Fourier transformed boundary conditions
N~(0) and N*(b), which are functions of #/, i/, and
m'] resulting in radiances that depend on u, u, and m.
Because the operators R and T are generally full ma-
trices, the spatial (and angular) coupling of the radiance
to the cloudy medium can be long range and strong.

This contrasts with plane-parallel atmospheres where
there is no horizontal scale dependence: the extinction
and scattering functions are constants. Fourier trans-






