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ABSTRACT

A general transform method is presented for studying problems of radiative transfer through absorbing,
emitting and anisotropically scattering media exposed to arbitrary radiation conditions on its boundaries: The
method permits quite arbitrary horizontal and vertical variability in the scattering and extinction properties of
the medium bounded by a surface whose albedo and bidirectional reflection function varies from point to point.
The technique developed incorporates a two-dimensional Fourier transform of the radiative transfer equation
and a full Fourier expansion in azimuth. The general solution is based on the use of invariant imbedding
principles in the form of doubling and adding algorithms. In developing these algorithms the principles of
invariance are derived for three-dimensional geometry. Differences and similarities to the one-dimensional
transfer problem are highlighted throughout. The method is applied to two special problems, namely the reflection
by an atmosphere overlying or surface possessing an albedo step function and the transfer through an inho-

mogeneous Gaussian shaped medium.

1. Introduction

The transfer of solar and infrared radiation through
the terrestrial atmosphere is of relevance to a variety
of problems that arise in the atmospheric sciences.
These problems range from the remote estimates of
atmospheric and surface properties using measure-
ments obtained from space to the determination of the
radiative budgets of a volume of atmosphere on a va-
riety of scales that range from the subcloud scale to the
global scale.

The need to interpret measurements from satellite-
borne sensors with large fields of view has certainly
heightened our awareness of the difficulties that are
introduced by the spatially varying nature of radiation
attenuation in the Earth’s atmosphere. Radiation
measurements of clouds from aircraft have also greatly
added to our awareness of the heterogeneous nature of
the atmosphere (e.g., Curry et al. 1986; Stephens and
Platt 1987). Figure 1, taken from the work of Stephens
and Platt (1987), shows the variation of the bidirec-
tional reflectance measured from an aircraft as it flew
above the cloud-topped planetary-boundary layer. The
results portrayed in this diagram highlight the large
variability in the reflected radiance field and suggest a
similarly large variability in the optical properties of
the atmosphere. On the basis of these types of obser-
vations, it seems inappropriate and unrealistic to model
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the radiative processes in the atmosphere by assuming
a uniform media of simple geometric shaped. Limited
theoretical and observational evidence (e.g., Stephens
and Platt 1987; Schmetz 1984 ) suggest that the inter-
pretation of both satellite and aircraft data and the es-
timation of volumetric radiation budgets based on
simple one-dimensional models are subject to signifi-
cant uncertainty owing to the influence of heteroge-
neity. It is the central objective of this paper to outline
a theoretical method that permits investigation of such
issues and to attempt to make a preliminary assessment
of the likely magnitude of these uncertainties.

Many diverse methods for solving the multidimen-
sional radiative transfer problem have appeared in the
literature over the past decade or so. Most of the work,
however, has generally focused on the problem of the
transfer of nonuniform sources of radiation through a
spatially uniform media. An extensive bibliography of
much of that work to 1978 was complied by Crosbie
and Lisenbardt (1978). Only a few investigations have
attempted to study the effects of the geometric shape
of the medium on the transfer of radiation through it

‘and most of these type of studies reported in the at-

mospheric science literature use the Monte Carlo
method (e.g., McKee and Cox 1974; Kargin et al. 1972;
Wendling 1977; and Aida 1980 among others). A few
more approximate methods have been reported which
involve various types of assumption [such as the dif-
fusion approximation as used in the work of Gube et
al. (1980) and the two-stream formulation of Davies
(1978) and Harshvardham et al. (1981)].

There are many factors unique to the atmosphere
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F1G. 1. The 0.59 um vertical reflectance measured above cumulus
cloud over the sea as a function of the elapsed time along the flight
track (from Stephens and Platt 1987).

that combine to complicate the transfer of radiation
through the atmosphere, thereby making the problem
of special interest to the field of atmospheric sciences.
Among these are the fact that the atmosphere tends to
be optically thick and, as mentioned, very nonuniform
with respect to the distribution of this property. Ra-
diative transport in such a medium thus tends to be
dominated by many thousands of multiple scatter-
ings—a fact which is exploited on occasion to simplify
the problem (as in the diffusion approximation) but
which greatly complicates the solution if done rigor-
ously. Another issue that is special about radiative
transfer in the atmosphere is that the scattering is highly
anisotropic with several orders of magnitude more ra-
diation scattered forward than backwards for particles
typically found in the atmosphere. A third issue deals
with the dramatic variation of the radiative processes
with the wavelength of the radiation. The transfer can
typically be dominated by scattering at one wavelength,
absorption at an adjacent wavelength and by a com-
bination of scattering, absorption and emission at yet
a different wavelength.

All reported studies that deal with radiative transfer
through a multidimensional atmosphere treat the me-
dium as a homogeneous entity of a specified ideal ge-
ometry (such as a cube or striated layer for instance).
The work of Stephens (1986) and the present study
differ from past studies as the medium is considered
to be a horizontally infinite slab in which the relevant
optical properties vary as a function of both vertical
and horizontal position. The present study also differs
from that of Stephens (1986) in that it is more general
in dealing with a fully three-dimensional atmosphere
and provides a method for treating an atmosphere
bounded by a surface whose albedo and bidirectional
reflection function are allowed to vary from point io
point.

The outline of this paper is as follows. The next sec-
tion establishes the geometric setting upon which the
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study is based. The radiative transfer equation and the
equation for the interaction principle are established
on this setting in section 3 along with discussion of
boundary conditions. This discussion is followed by
sections 4 and 5 in which the Fourier transformation
of the equations in azimuth and in the x, y spatial
coordinates are respectively outlined. The central result
of this paper is contained in equations (36a), (36b)
and (37). Section 6 presents a brief discussion of the
general method of solution. Specific examples in sec-
tions 7 and 8 demonstrate both the potential of the
method and provide some idea of the effect of spatial
structure on radiative transfer.

2. Geometric setting

The frame of reference for this study is the three-
dimensional left-handed cartesian coordinate system
shown in Fig. 2. The azimuthal angle ¢ is defined to
be zero along the + x axis and # /2 along the +y axis.
The z coordinate increases downward and the zenith
angle 8 is defined with respect to z axis. The unit vector
£ represents some general direction as shown in Fig,
2, and has the following components,

&€ = (n cos¢, 1 sing, u) (n

where 7 = sinf and u = cosf. The unit sphere shown
around the general point (x, ¥, z) and denoted by =,
is composed of the two hemispheres E_ and =, where
the + and — are in the sense of the u and opposite the
sense of the z axis. The vector r represents the position
vector that extends from the origin to the general point
(x, y, z) along the direction defined by & At various
stages in the following discussions both £ and r will be
replaced when convenient and without notice by the
notation (u, ¢) and (x, y, z) respectively.

+Z

= 3
>0 = Al
H »—1{1\_//' (X,y,Z)

peo 2T

FIG. 2. The sun based coordinate system adopted in this study.
The x axis is aligned with the azimuth of the collimated source (i.e.,
¢o = 0). Also shown is the unit sphere and the upward and downward
hemispheres.
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The following analyses assume the atmosphere to
be a succession of overlying horizontal slabs. The no-
tation X (a, b) is used to represent any one of these
slabs contained between the horizontal plane at z = g
and the plane at z = b, Radiation is absorbed, scattered
and emitted within X (a, b) in a manner that is allowed
to vary laterally (i.e., within the x—y plane). This vari-
ation is specified by the investigator as x — y variations
of the extinction coefficient «, single scatter albedo
@p and scattering phase function p. Vertical inhomo-
geneity can be treated by assuming different optical
properties (in both magnitude and distribution ) within
adjacent overlying layers. Horizontally homogeneous
media are referred to here as 1D media, while media
that possess variability in one or both horizontal di-
rections are referred to as 2D or 3D media, respectively.

3. The radiative transfer equation and boundary con-
ditions

The formulations developed both in this and the
following sections follow along two connecting paths.
The first part of each of the following sections intro-
duces and analyzes the radiative transfer equation. The
end of the sections provides a discussion of the anal-
ogous treatment of the interaction principle. Thus both
the radiative transfer equation and the interaction
principle are dealt with in exactly the same way
throughout the paper. The reasons for the parallel pre-
sentation of these seemingly unrelated concepts will
become evident in sections 6 and 7 and are twofold.
On the one hand, the interaction principle serves as
the framework for the solution of the radiative transfer
equation through the imbedding relations developed
in section 6. The formal connection between the in-
teraction principle and the radiative transfer equation
is made in this section by way of (49) and (50). On
the other hand, the interaction principle is used in sec-
tion 7 to study the problem of a reflecting surface below
X(a, b). :

a. General equation

The radiative transfer equation for the general un-
polarized monochromatic radiance function N(r, &)
is

& VN(r, & = —a(r)[Nx, &) - J(r, §)] (2)

where J(r, &) is the source function defined as
(T
20,8 = 251 [ (e, £ )N, £)d0®)

+(1 = &(n)B(r), (3

where dﬂ(g” ) is an element of solid angle defined with
respect to & and B is the Planck emission function.
The dependence of all variables in (2) and (3) on
wavelength is taken to be understood and the ratio
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s(r)/ a(r) will be interchangeably used for &, through-
out. For the coordinate system under consideration,
the appropriate form of the streaming operator is

9

& V—ncos¢—-a—-+17sm¢i+uaz

O

b. Boundary conditions

Some comment about the boundary conditions rel-
evant to the general solution of (2) is warranted. A
medium that extends to +oo in both x and y [this
special medium is represented as X, (a, b)] requires
only the specification of the radiance distributions over
the upper and lower boundaries of X, (a, b). By con-
trast, a horizontally finite medium (such as a rectan-
gular box for instance) requires the additional speci-
fication of the radiances incident over the vertical sides
of X (a, b). Treatment of the latter type of boundary
conditions is substantially more complex than that for
the infinite slab medium. An example of such a treat-
ment can be found in the work of Preisendorfer and
Stephens (1984 ) who incorporated the lateral boundary
conditions in the transfer equation as representing
sources of radiance. This same notion of apparent
sources and sinks of radiance that arise from the ma-
croproperties of X (a, b) is pursued further in Part II.

In this study, however, only media of the type X, (a,
b) will be considered and the problem of handling lat-
eral boundary conditions is therefore avoided. Inho-
mogeneities and horizontal finiteness are treated by
imbedding variations of the optical properties within
X, (a, b) as previously mentioned. For example, a
cloud distribution is represented by some form of spa-
tial distribution of optical depths. Such a distribution
of cloud might for example be represented by the stip-
pled regions in Fig. 3.

¢. Diffuse and direct radiance fields

The mathematical description the transfer of total
radiance within X (a, b) is given by (2) and (3). It
proves convenient for particular problems to modify
these equations and to treat a special set of radiance

-conditions on one or both of the boundaries of X (a,

b) in a more explicit manner. Under certain illumi-

/

FIG. 3. A schematic of a cloud distributed within a layer bounded
by the planes at z = g and z = b. The denser speckle represents
denser and thus optically thicker regions.
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nation conditions it is often desirable to carry the in-
cident radiances directly into the radiative transfer
equation and treat them as internal sources of radiance.
An example of this has already been stated in the con-
text of lateral boundary conditions. Another more fa-
miliar example, and one now discussed, arises in those
problems that deal with a collimated source of incident
radiation. '

Consider the level z = a in the atmosphere and sep-
arate the radiance field at this level into the following
two components

N(x,y,a, &) = N*(x,y,a, & + N°(x, », a, &).
5)

The superscript * on the first term indicates the diffuse
component of the radiance field which arises from the
scattering processes that occur in the atmosphere above
the z = a plane. The second term represents the com-
ponent of the total radiance field at z = a due to the
fraction of the field originally incident on the top of
the atmosphere (i.e., at z = 0) that left unattenuated
on transmission to z = a. For obvious reasons the
component N? is sometimes referred to as the reduced
incident or directly transmitted component of the ra-
diance field.

Substitution of (5) into (2) produces the following
separable equations for each of these radiance com-
ponents,

EVN*(r, §) = —a(r)[N*(r, § — J*(r, §)]
§-VN°(r, &) = —a(r)N°(r, &)

where the source term in (6a) is of the form

(6a)
(6b)

8 =20 [ e, g gV, £)d0E)

wo(r)

+
4r

J.r0e g8, 1008 + 001, 8.

)

The second term on the right-hand side of (7) describes
the source of diffuse radiance due to (single) scattering
of the unattenuated radiation transmitted to the general
z level and the last term is taken to represent all other
forms of internal sources.

The total radiance field is thus determined from the
simultaneous solution of (6a) and (6b). The solution
of (6b) is trivial for 1D studies (just Beer’s law) and
can be readily incorporated into (7) and then in (5)
to provide a closed equation for the diffuse radiance
N*(r, . Take the particular case of a collimated
source at z = 0 as an example. Then the radiance con-
ditions are

F,
NO(x,9,2=0, & =26,
(x,y,z =1 %w

N*(x,y,z=0,§) =0 (8)
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where & = (0, ¢o) defines the direction of the colli-
mation and F; is the flux of radiant energy associated
with the source. In the more traditional 1D studies, F,
is the flux of solar energy incident on the atmosphere
at z = 0 and is taken to be independent of x and y.
For such a source, the primary scatter of the collimated
source becomes

&)Z(r_) f_p(r, & &)N°(r, £)dUFE)
T VE

&):"r(r) Fop(r, E-&)e™*. (9)
vy

Unfortunately it is not such a simple task to integrate
Egs. (6a) and (6b) for the more general 2D and 3D
transfer problems and obtain a simple primary scatter
source term that is equivalent to (9) (Stephens 1986).
For these 2D and 3D problems, no separation of the
diffuse and direct radiance fields is made and the di-
rection of collimation is confined to the quadrature
angle that is introduced to approximate the integral
source term.

d. The interaction principle

The interaction principle in its essential form is a
statement of the linearity of the radiative transfer and,
from this single principle, all the salient structures of
radiative transfer theory can be systematically deduced
(Preisendorfer 1976). The general form of this principle
is

NGy, 5B = [ Ry, 22+ 02,8 F)

X Nx, v, 2, £)d2(® + [ Tx, v, 2

+ Az z, & E)N(x, y, z+ Az, )dUF)
+0(x,y,z:z+ Az, & (10)

where R(x, y,z:z+ Az, & &)and T(x, y, z + Az:
z, & &) characterize the reflection and transmission
properties of some slab X (z, z + Az), and Q(x, y, z:
z + Az, §) is the source of radiance internal to the
slab. Note that the same symbol is used to represent
the sources of radiance that are relevant to both the
equation of transfer and the interaction principle. This
should not cause any confusion in this paper as it will
be clear in which context the representation applies.

The interaction principle as described by (10) relates
the radiances that emerge from the plane at z to the
radiances incident on z and z + Az. A simple illustra-
tion of the principle is shown in Fig. 4 and a schematic
interpretation of the functions contained within (10)
is presented.

4. The Fourier analysis in azimuth

The general radiance function N(r, €) can be written
in the equivalent form N(x, y, z, u, ¢) to indicate the
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N(a,€) = R(a:b,€ €)N(a, 8)dO(E) + T(b:0,, E)N(b, €)dOUE ) + Q(a:,§)

Internal Sources

FiG. 4. A schematic illustration of the interaction principle.

full five argument structure of the function more
clearly. The virtue of the transformations described
both here and in the section to follow is that the angular
variable ¢ and the spatial variables x, y are respectively
eliminated resulting in an equation and a subsequent
solution methodology that is formally analogous to
those encountered in more traditional 1D transfer
studies. As shown, the price for this conceptual sim-
.plification lies in the larger set of simultaneous integro-
differential equations that govern the transformed ra-
diance quantities.

_The analysis now proceeds by carrying out the Fou-
rier transform in azimuth. It is not a complex task to
carry out a Fourier analysis of the radiative transfer
equation in the azimuth angle ¢ in its most general
form, although such an analysis leads to problems that
are cumbersome to overcome in practice. The tradi-
tional approach in 1D studies is to expand both the
radiance NN and source function J as a cosine series in
¢. For example,

. M
N(r, p, ¢) = 22 N™(r, p) cosmg¢

m=0

(11)

represents the expansion of radiance in azimuth angle
¢. The virtue of this approach when applied to the 1D
transfer equation is that a set of M + 1 uncoupled
transfer equations result which can be solved indepen-
dently for the M + 1 amplitude functions N™ (e.g.,
see Chandrasekhar 1960). Unfortunately the ¢ depen-
dence does not decouple in the more general 2D and
3D transfer problems as shown below. Furthermore,
it cannot generally be expected that the radiance field
and radiance source functions possess even symmetry
in ¢ as (11) implies. Hence a more geéneral expansion
in ¢ is required. '

a. General analysis of radiance over [ ¢y, ‘¢0 + 2x]

The more appropriate and general form of the Fou-
rier expansion is

M
N(r, pn, ¢) = 2 N™(r, u) cosm(¢ — ¢o)

m=0
+ N™(r, u) sinm(¢ — ¢o) (12)
where
1 bo+2m
NS, ) = T L7 N, 6 cosmads

1 $o+27 ,
N wy =2 [ NGes i 8) sinmads (13)

with §,, representing the Kroneckar delta function. It
is relatively trivial to demonstrate that N = 0 for all
m when N(r, p, ¢) is even on the interval [¢o, ¢¢
+ 2x]. This fact is used explicitly in 1D radiative
transfer studies for which the radiance is assumed to
be symmetric about a particular azimuth angle ¢,.

b. Functions of the form R(x, & &)

A special class of functions emerge in the context of
radiative transfer that depend only on the angle formed
between the incident € and response & directions. The
scattering phase function and the reflectance from spe-
cial types of surfaces are two particular examples of
such functions. The angle formed by these two direc-
tions in the (u, ¢) notation is

EF =+ (1= )21 = w2 cos(¢p ~ ¢)
(14)
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allowing such functions to be written as
R(r, & &)=R(r,p, ', ¢ — ¢). (15)

Various symmetries, which are referred to as the rec-
iprocity relationships, occur relative to x4 and u' by vir-
tue of the dependence of Ron - & (eg., & &F=F &
= —& —F, etc.).

Functions of the form (15) are even functions of ¢
on [¢, ¢ + 2x] and it follows that R™(r, pu, ') =0
for all m. Hence functions of this form transform via
(13) to

R(l’, M,y ”'I; ¢ - ¢’)

M
= > R™(r,p, p')cosm(¢ — ¢') (16)

m=0
where
R™(x, p, 1)

1 ¢ +2m
= — R(r, p, u', ¢) cosmepde.

(l+5m)7rf' (r, u, ', @) pde
Surface reflectance functions of this form are very spe-
cific and represent azimuthally isotropic (i.e., matte)
surfaces. Treatment of more general surfaces that pos-
sess discernible azimuthal structure in their reflectance
properties requires a considerably more complex for-
mulation than is given here.

(17)

¢. Functions of the form R(r, & &)N(r, €)

The transformation of terms like the path radiance
term in (3) and the reflectance term in the interaction
principle (10) for surfaces of the type represented by
(15)1is

0 27
[ Ru w0 = 93N Gr, w, 6 dord
M 0
= 3 U+ by [ IN™(r, ) cosmo
m=0 -

+ N™(r, ') sinm¢ ] R™(x, p, u')dp'
where R™(r, u, u') is given by (17).

(18)

d. Azimuthal transform of the radiative transfer equa-
tion

It is a straightforward if cumbersome task to apply
the transforms (12) and (13) to each term of the equa-
tion that results from the combination of (2), (3) and
(4). The following pair of equations is obtained as a
result

O (6 1) = —a(ON™(r, ) — 5
> BT 20+ 6)

m'c

XZ

m’=0

[m, ) 2= r, )
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m's

+ E(m, m) 2 (s, u)]

p L0 ()f N, )

X p™(x, p, p')dp' + Q"(r, ) (19)

W, 1) = —a(ON™ (e, )

n , aNm’s
-2 3 [aomm ¥
+ Fm, m) 22 (x, u)]

' 1
+ 20 [N e e, b ) ds + Q™ )
(20)

where the coupling factors D(m, m'), E(m, m'), F(m,
m') and G(m, m') are

D(m, m') = bm—m+1 t Omimr—1 + -1

E(m, m’) = 6m’-—m—-l + 6m+m’—1 - 6m’—m+ls

F(m’ ml) = 6m’—m+l + _6m+rr.1’—vl - 6m—m’—l,
G(m, m'y = 8mr1i + Sm—-m—1 — Omtm'—1 21
for m, m' = 0. It is the presence of these factors that

prohibits the separation of azimuthal order from the
transfer equation and therefore complicates the solu-
tion to (19) and (20). Note that the omission of the
terms in parenthesis reduces (19) and (20) to the iD
transfer equation.

It is also necessary to transform all boundary con-
ditions using (12) and (13). Discussion of particular
upper and lower boundary conditions are illustrated
here as they are of interest to certain atmospheric ra-
diation problems mentioned in the introduction. The
first deals with a lower reflecting boundary at z = b
which is characterized by a reflectance function of the
form (16). The transformation of reflected radiation
is

0
N"I5(x, y, by ) = (1 + b)) [ R
-1

X (X, ¥, b, p, W IN"™"(x, y, b, p)du' (22)

form=0,0 < u < 1 where §.is 1 for cosine amplitudes
and zero for sine amplitudes. The second example
chosen for illustration deals with the case of collimated
incident radiation. For this case, substitution of (8)
into the integral transform produces

F
NO™ (x,y,z=0,p)= 4—; Ou—uy COSMPo

NO™s (x,y,z=0, 1) = 451‘; Su-so SINM0  (23)






