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On the Effects of Ice Crystal Porosity on the Radiative Characteristics 
of Cirrus Clouds 
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This paper attempts to illustrate how the porous nature of ice crystals might influence the relationships 
between the radiative properties of ice clouds and the ice water path. Solutions of the electromagnetic 
wave equation were obtained for a simplified, hollow, infinitely long circular cylinder. On the basis of 
these solutions it was implied that the effects of ice crystal porosity on the particle-scattering parameters 
can be expected to be small and that the major influence of porosity on radiation-ice water path (IWP) 
relationships will be primarily on the definition of IWP. It is suggested that this effect probably accounts 
for the existing discrepancy noted in this paper between the theoretical and observed e-IWP relation- 
ships. 

1. INTRODUCTION 

The problem of understanding the impact of cirrus clouds 
on the radiative budget of the atmosphere is complicated by 
the complex microphysical characteristics of such clouds. Such 
clouds are composed of nonspherical ice crystals [e.g., Heyms- 
field, 1977] in presumed low concentrations I-Heyrnsfield and 
Platt, 1984] and often with some characteristic orientation 
[e.g., Platt et al., 1978]. The importance of the complicated 
transfer of radiation through these clouds is well illustrated in 
the modeling efforts of Starr and Cox [1985] and the general 
circulation model results of Rarnanathan et al. [1983], which 
suggest some influence not only on the evolution of the clouds 
themselves but also on certain aspects of the larger-scale at- 
mospheric circulation. It is therefore important to establish in 
some way the effect of the above-stated complex microphysi- 
cal aspects on the radiative transfer through these clouds, thus 
testing the utility of the existing and necessarily simple de- 
scription of radiative transfer in atmospheric circulation 
models. 

A typical example of such a simple parameterization for the 
infrared properties of both water and ice clouds is shown in 
Figure 1. The schemes illustrated relate the cloud emissivity to 
the cloud liquid or ice water path (IWP) in the manner shown. 
The collection of curves representing water clouds in Figure 1 
is based in part on theory and in part on observation. The 
curves shown for cirrus clouds are derived from observations, 
with the exception of that of Liou and Wittrnan [1979]. As 
already noted by the authors of these studies, certain as yet 
unexplained discrepancies exist between the ice and water 
cloud relationships. There are still insufficient measurements 
to suggest whether or not similar discrepancies exist in the 
IWP albedo relationships. 

The purpose of this paper is to consider yet another of the 
complexities of the microphysical characteristics of ice crystal 
clouds which has not been considered in the literature in the 

context of radiative transfer and which offers a plausible ex- 
planation for the existence of the discrepancies portrayed in 
Figure 1. It is well known [e.g., Pruppacher and Klett, 1980] 
that most ice crystals have bulk densities less than those of 
solid ice as a result of the existance of air bubbles within the 
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crystal. Columnar ice crystals, for example, are often hollow. 
An appreciation of the magnitude of this effect on the density 
of the ice crystal can be assessed by reference to Figure 2, 
taken from the work of Heyrnsfield [1972]. In Figure 2, the 
bulk density of individual ice crystals is shown as a function of 
maximum crystal dimension. Clearly, the density of the ice 
crystal differs substantially from that of solid ice; the differ- 
ence being greatest for the largest ice particles. 

The issue addressed in this paper concerns the likely effect 
of particle porosity on the scattering characteristics and, ulti- 
mately, the bulk radiative properties of a cloud composed of 
this type of crystal. The work reported here attempts to assess 
whether the discrepancies noted in Figure 1 result from the 
potential effect of crystal porosity on the scattering properties 
of the crystal, or from the incorrect inference of IWP, or both. 
To gain some overall assessment of this issue, a simple model 
of a hollow ice cylinder is considered and the solutions of 
Maxwell's equations are sought. This highly idealized model is 
meant only to test the hypothesis that crystal porosity is rele- 
vant to the relationships between bulk radiative transfer 
properties of the cloud and the IWP, as portrayed in Figure 1. 
The prevalence of columnar an bullet-shaped ice crystals with 
hollowed cores is well documented for cirrostratus clouds 

I-e.g., Heymsfield and Knollenberg, 1972] and is to be expected 
from the temperature and humidity conditions typical of these 
clouds I-e.g., Pruppacher and Klett, 1982]. The hypothetical ice 
crystal model chosen for this study is thus more realistic than 
either a solid columnar model or spherical ice crystal models. 

In the following section the idealized model of a porous ice 
crystal is described and the solution of the electromagnetic 
wave equations is outlined. Results obtained from this theory 
for the extinction, scattering and absorption efficiencies, and 
the scattering phase functions for a few selected wavelengths 
are then presented. 

2. SCATTERING OF ELECTROMAGNETIC RADIATION 

BY A HOLLOW ICE CRYSTAL 

Consider the ice crystal as a hollow, infinitely long circular 
cylinder, as shown in Figure 3. The solution of Maxwell's 
equations for coaxial, infinitely long cylinders has many di- 
verse applications and has been described, for example, by 
Kerker and Matijevic [1961] among others, for waves nor- 
mally incident on the long axis of the cylinder. The problem of 
oblique incidence was addressed by Samaddar 1-1970], who 
demonstrated that the problem has no general solution. In 
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Fig. 1. The effective emissivity of a cloud layer as a function of liquid water path, as obtained from the cited studies. 

Distinction is made between ice and water clouds. 

this present sensitivity study only the derived solutions for 
normally incident radiation are considered, but it is argued 
that the general nature of the results will be the same for all 
other incident directions. 

In deriving the solution it is necessary to consider the radius 
of the core a, the radius of hte shell b, and the refractive 
indices of the core me, shell rn•, and environment rn0, as shown 
in Figure 3. Also shown in Figure 3 are the two plane- 
polarized components of the incident beam and, by suitable 
linear superposition of the solutions for each of these cases, 
the solution for any arbitrary elliptically polarized incident 
wave can be determined. If we consider these two cases sepa- 
rately and define u and v as the solutions to the associated 

scalar-wave equations to Case 1 and 2, respectively, then the 
following solutions apply. 

Case 1. E Parallel to the Cylinder 
Axis 

u = •, F.[J.(mokr ) -- b.øH.(mokr)] r > b (1) 
n = -oo 

u = • F•rB•J•(m•kr)-- b.•H•(m•kr)] b > r > a (2) 
n = 

u = • F•EB•eJ•(rnekr)] r > a (3) 
n = 
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Fig. 2. The relationship between the bulk density of ice crystal 

dimension [from Heyrnsfielcl, 1972] without change). 
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Fig. 3. Coordinates and vectors for scattering by a concentric 
cylinder. Here a and b are radii of the inner and outer cylinders, 
respectively, and rn 0, rn•, and m 2 are the refractive indexes of the 
regions •pecified. S, E, and H are Poynting, electric, and magnetic 
vectors, respectively. Note that 0 is the scattering angle. 
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Fig. 4a. The extinction efficiency per unit length for a hollowed 
concentric ice cylinder (dashed curve) core with a 30% volume re- 
duction and the extinction of a solid-core cylinder (solid curves). Both 
are shown as a function of the outer shell size parameter (kb) for the 
wavelengths indicated: (top)/• = 2.27 pm; (bottom)/• = 11.0/•m. 

Case 2. H Parallel to the Cylinder 
Axis 

v = • FnrJn(mokr ) --anøHn(mokr)] r > b (4) 

v = E FnrAnldn(ml kr) --anlHn(ml kr)] b > r > a (5) 
n = -oo 

v = • F.[A. 2J.(m2kr)) r > a (6) 
n = 

where J.(z) is the Bessel function of the first kind, H.(z) is the 
Hankel function of the second kind and F. is the wave propa- 
gation factor 

F. = (-- 1)" exp (inO +icot) (7) 

where c0/2•z is the frequency, t is time, k/2• is the wave number 
1//l, 0 is the scattering angle (refer to Figure 3) and a. ø, b. ø, 
A, x ...are the eight undetermined coefficients. 

In principle, this paper is only concerned with the field 
outside the particle which is due to the superposition of inci- 
dent and scattered waves. Thus only Hankel functions are 
considered as solutions because of the necessary regularity at 
infinity. For the field in the inner or core region of the cylin- 

der, only the Bessel function of the first kind is utilized be- 
cause of its properties at the origin, while the field within the 
shell can be described by a combination of these two func- 
tions. 

The undetermined coefficients and thus the complete solu- 
tions for u and v are obtained by observing the continuity of 
mu, m•u/•r, m2v, and •v/•r at the boundaries r = a and r = b. 
Applying these conditions to (1)-(6), a set of eight equations is 
obtained from which the eight unknown coefficients are ob- 
tained in turn (see, for example, Kerker and Matijevic [1961] 
for details). 

While it is straightforward to reduce the equations derived 
from the stated boundary conditions to obtain these coef- 
ficients, the expressions so derived are not generally in a form 
suitable for numerical computations. To overcome this, it is 
customary to introduce the logarithmic derivatives of the as- 
sociated Bessel functions, which are introduced here as 

J.'(P) 
%(p) _ (8) 

J.P) 

H.'(p) 
X.fi) - (9) 

a.p) 

where the prime refers to differentation of the function with 
respect to the argument. Since one is only interested in the 
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Fig. 4b. The single-scatter albedo as a function of the outer shell 
size parameter. The curves and wavelengths apply as for Figure 4a: 
(top) • = 2.27 #m; (bottom) • = 11.0 #m. 
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Fig. 5. The scattering phase function of a single concentric ice 

cylinder illuminated normal to its long axis as a function of scattering 
angle. The solid curve applies to a solid ice cylinder and the dashed 
curve to a hollow ice cylinder, where the radius of the hollow core is 
determined from the specified 30% reduction in the volume of the 
solid particle: (top))t. = 0.7 #m; (bottom))t. = ! i.0 #m. 

field for r >> b, only the two coefficients a. ø and b. ø need be 
considered. These coefficients are expressed here in terms of 
the logarithmic derivatives (8) and (9) as 

J,(,8 o) [ U 3 U 2J,(,8 2)H,(,8 • ) -- U, U • H,(fi 2)J,(,8 • )] 
On 0 -- 

Hn(fio) [ U 2 U sJn(j• 2)Hn(fl i) - U 6 U1Hn(j• 2)Jn(fl l)] 

and 

o J,(fio) [UoU?H,(fi•)J,(fi2)- U•oUsJ,(fiOH,(fi2)] 
a n 

H,fio ) [U , , UoH,(fi,)J,(fi2 ) -- 

where 

(11) 

Here we set 

O •' /T•OOtl 

l = /T•lOtl 

P2 = /T•lOt2 

P3 '-- /T120t2 

and 0t• = 2•cb/2 and % = 2•ca/2. 
It is straightforward to show that the solution for the homo- 

geneous cylinder is obtained directly from (10) and (11). For 
this case, fix = ,82 = fi3 and m• = m2, and we obtain 

Jn(PO) U4. 
b, 0 • 

Hn(flo) U6 
(12) 

0 Jn(flO) Us 
a n -- 

Hn(J•o) U12 

and with suitable substitution for U,•, U6, Us, and U•2 the 
expression for b, ø and a, ø for homogeneous cylinders is ob- 
tained. These formula were used to provide a convenient 
check on the numerical solutions as rn• --• rn 2. 

3. SCATTERING CROSS SECTIONS AND PHASE FUNCTIONS 

The formula for the scattering and extinction efficiencies 
and the scattering phase functions is derivable directly from 
the b, ø and a, ø coefficients [e.g., Bohren and Huffman, 1983] 
for unpolarized incident radiation. Examples of the extinction 
efficiency obtained from these coefficients and the single- 
scatter albedo &o, defined here as 

(3o = Qsca/Qext 

are plotted in Figure 4 as a function of the size parameter 
Z- kb. Two wavelengths are chosen to illustrate the results. 
One corresponds to the case of weak absorption (2.3 #m) and 
the second to the case of strong absorption (11 #m). Figure 4 
shows the scattering parameters derived for each of these 
wavelengths for a solid cylindrical scatterer (solid curves on all 
diagrams) and a hollow ice cylinder with its volume reduced 
to 70% of the solid particle. The 30% reduction in volume 
chosen for these illustrations is somewhat typical of the re- 
duction in the crystal density expected from Figure 2. 

The most striking feature evident in the comparisons of Qext 
is the change in the positions of the diffraction maxima and 
minima. These extrema result from the constructive and de- 

structive interference of the incident wave (on some distant 
reference plane) and the scattered wave which has undergone 
some change in phase. For the hollow particle these extrema 
are shifted to higher values of Z as a result of< the reduced 
change in phase of this transmitted wave. As could be antici- 
pated, these differences are most acute for the nonabsorbing 
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Fig. 6. The asymmetry parameter as a function of the outer shell 
size parameter (kb). The solid and dashed curves are as in Figure 5: 
(top))• = 0.7 #m; (bottom))• = 11.0 #m. 

(not shown) and the weakly absorbing case (4 = 2.3 #m) but 
are not as apparent for strongly absorbing particles (4 = 11- 
#m case), especially for Z •> 25. The single-scatter albedo for 
,• = 2.3 l•m also reveals some differences between the solid and 
hollow crystal and is greater for the hollow particle. That is, 
the absorption by the hollow particle is less than that of the 
solid particle. For 11-/zm radiation the effects of crystal poros- 
ity agin have no real effect on the absorption, especially when 
Z•>25. 

While results shown in Figures 4a and 4b apply only for 
radiation that is normally incident on the particle, it is possi- 
ble to infer the expected effects for other directions of inci- 
dence. The path of an obliquely incident ray through the crys- 
tal is longer than that for a normally incident ray. The lag 
thus produced for oblique incidence is therefore greater and 
the positions of the maxima and minima in the extinction 
curve will change relative to normal incidence, much in the 
same way as shown for solid cylinders by Stephens [1984]. 
However, as was demonstrated by Stephen's, on averaging 
over orientation (and thus all sets of incident angles), size 
distribution, and wavelength, the maxima interference and 
minima features smooth out and the effect of the orientation 

of the incident wave, not to mention the differences between 
solid and hollow cylinder, are thus reduced, especially for suf- 
ficiently large values of Z (say, e •> 10). For strongly absorbing 

wavelengths the differences between solid and hollow particles 
and normal and oblique incidence again can be expected to be 
almost negligible for Z •> 10 (refer to Figure 4b). 

Comparisons of the scattering phase function for the. solid 
and hollow ice cylinder normally illuminated by unpolarized 
radiation are shown in Figure 5 as a function of scattering 
angle 0 for the two wavelengths • = 0.7 /zm and • = 11 /zm. 
The influence of crystal porosity, through its effect on the 
phase of the radiation scattered by the crystal at an angle 0 is 
apparent from the diagrams in Figure 5. Also apparent is the 
enhanced diffraction in the forward direction for the hollow 

particle. This stronger forward scatter for hollow particles re- 
sults in greater values of asymmetery parameters, defined here 
as 

g = p(O) cos 0 dO (13) 
1 

and illustrated in Figure 6 as a function of •x, using the phase 
functions depicted in Figure 5. 

4. DISCUSSION AND CONCLUSIONS 

The major issue addressed in this paper is how the effects of 
ice crystal porosity might influence the scattering character- 
istics of an ice particle in clouds. The essential conclusion 
drawn from the results described previously is that the scatter- 
ing properties of a hollow cylinder, and perhaps more complex 
hollow particles, are not greatly different from the properties 
deduced from an equivalent homogeneous particle. While the 
difference in the positions of the interference maxima and 
minima of extinction efficiency is significant for an individual 
particle, these differences are removed on averaging over par- 
ticle size distribution and orientation. 

Even though the effect of porosity on single-scatter proper- 
ties is small, one could anticipate that its influence on the 
relationships between cloud albedo, shortwave absorption, 
and emissivity on the IWP to be substantial. The results of 
this study suggest that the influence is largely a result of the 
effect of crystal porosity on the specification of IWP and not 
on the specification of the single-scattering properties of the 
crystal. The tendency for the observed s-IWP relationships, 
such as they are, to predict significantly smaller values of s for 
any given IWP than theory would allow may well arise not 
from errors in the measured radiative fluxes from which • is 

deduced, nor from some absorption incorrectly over accoun- 
ted for in the theory, but simply from inaccurate estimates of 
ice water paths. In this context it is relevant to note that 
neither of the observational studies mentioned in relation to 

Figure 1 considered the relationships between crystal size and 
density (as shown in Figure 2, for example) in estimating IWP. 
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