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ABSTRACT

This paper extends the theoretical developments of Part I to illustrate the power of the method in solving
multiple scattering problems with sources that result from i) the single scatter of a collimated beam of solar
radiation that is directly transmitted to a given point in the medium and ii) thermal emission. These source
terms are derived in the muitimode context and sotutions are presented to illustrate the effects of sun angle
and infrared emission on the radiance and irradiance fields that emerge from hypothetical box shaped clouds.
The results reiterate the earlier findings that the sides of clouds play an important role in the exchange of
radiative energy between the cloud and its environment. The total infrared emission by cuboidal clouds, for
example, is shown to be substantially larger than the emission from plane parallel clouds as a result of this

additional exchange of radiant energy.

The results presented in the paper, including the comparisons with available Monte Carlo calculations show
the multimode approach to be a viable, accurate and computationally efficient method of solving the general
problem of anisotropic scattering in horizontally finite optical media.

1. Imtreduction

In Preisendorfer and Stephens (1984), hereafter re-
ferred to as Part 1, the radiative transfer equation was
transformed using two-dimensional Fourier series to
solve the problem of radiative transfer in a laterally
finite medium. Solutions were presented for the rel-
atively simple case for which it was assumed that there
were no sources of radiation in a medium which was
illuminated only on its upper face. The advantage of
this multimode approach is that the new equation in-
cludes the explicit effects of the lateral sides of the
medium but yet it is in a form that is exactly analogous
to the plane-parallel equation.

This paper extends the concepts of Part 1 to address
three issues that are commonly encountered in prob-
lems of atmospheric radiation; namely i) to include
the effects of variable sun angle, ii) to include the effects
of thermal emission, and iii) to assess the effects of
diffuse incident radiation to the overall solutions. The
major emphasis of the paper is therefore to extend
Part 1 in such a way that the multimode method can
be fruitfully applied to a variety of solar and IR at-
mospheric radiation problems.

Section 2 briefly outlines the essential features of
the multimode procedure while a simple transfor-
mation is described in Section 3 that decouples the
geometric modes from the set of differential equations
and the solution reduces to a simple combination of
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equivalent plane parallel solutions. In Section 4, the
direct (unscattered) radiation problem is solved in the
multimode context. Section 5 presents the multimode
equation for diffuse radiance with the “direct beam”
source term together with a brief outline of scattering
matrices and vectors required for use in appropriate
doubling algorithms which are used to solve the equa-
tions,

Section 6 describes the thermal emission source term
together with a simplified diffuse incident radiance
term. Some example solutions of the multimode equa-
tion with these two source terms are presented in Sec-
tion 7.

2. The radiative transfer equation in the mulitimode
setting

The general radiance function on a three-dimen-
sional box shaped medium, similar to that illustrated
in Fig. | of Part 1, is a function of three location
variables (¥, v and y) and the directional variable £.
The essence of the multimode procedure is to remove
from the radiative transfer equation the horizontal de-
pendencies u and v by using radiance amplitudes in
a two dimensional Fourier series

Nu, v, y, £)

2. Iru wrv
=2 2N w,y, £ cos—cos —, (1)
w=0 /=0 L w
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where N(/, w, y, £), for fixed integers / and w (length
and width wave numbers respectively) are the multi-
mode amplitudes which are functions of y and £. The
amplitudes are obtained from

) 4 W pL "
Mu, v, y, £)=L1W J; J; N, v, y, £)

Iru wrv
X €08 — cos —— dudv,
L w

(2)

- where L;, W,,, L and W and other symbols are defined -

in Part 1. Thus the radiance amplitudes for a given
set of / and w are analogous to the radiance function
of the more classical plane-parallel problem and both
of these are functions only of the vertical (y) and di-
rectional (£) coordinates. The latter coordinate can be
specified in terms of the zenith (6 or u = cosf) and
azimuth angle ¢. The amplitude function N(/, w, y, u,
¢) can be further expressed as a function of an azi-
muthal mode by use of the Fourier series

N, w, y, 1, @) = 2 Ny(l, w, , u, a) cosag
: a=0

+ N2(la w, ¥, i, a) Sina(b’ (3)

where now each amplitude pair ]\7,»(1, w, y, u, @) with
Jj=1,2 for fixed /, w and q are functions only of two
variables; depth and the cosine factor u.

In Part 1, we applied the multimode representation
of radiance to the radiative transfer equation to derive
the following vector equation

“d_N'= —(aI+1]S+B)N
dy _ .

s

. +1
+ s f PNdy' + Ni; + N, (4)
_1 ', ———
where N i$ the vector of amplitudes whose transpose
is
N=[Néwynaslwa=01,2---1" (5

while I is an identity tensor, P is a scattering tensor
defined from the scattering phase function, S is an
emergent tensor, B is a divergence tensor and Nj; is a
vector associated with the incident illumination on the
sides of the medium. In (4), n is the sine of the zenith
angle, o the volume extinction coefficient and s is the
scattering coefficient. The source vector N, is trans-
formed to the multimode setting and is derived below
for the case of thermal emission within the medium
and the case of diffuse radiance that arises from the
single scatter of the directly transmitted solar beam.
The form of (4) for N is directly analogous to the
.radiative transfer equation for radiance (N) in a plane-
parallel medium with the addition of the two under-
lined terms. The interpretation of these terms is dis-
cussed more fully in Part 1 but it suffices to say that
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they refer to apparent sources and sinks of radiation
resulting from the gain and loss of radiation through
the lateral sides of the medium.

3. The general solution of the multimode radiative

transfer equation: Principle modes

The solution of the classical plane-parallel radiative
transfer equation is generally carried out by replace-

‘ment of the integral term with a suitable quadrature

formula thus producing a system of coupled differential
equations. For the multimode transfer problem, one
again establishes a system of coupled differential equa-
tions. This coupling arises not only through the dis-
cretization of the angular integral but also through the
interactions of various geometric modes. While these
interactions produce a much larger set of coupled dif-
ferential equations (the price one pays for the increased
complexity of the radiance function in the three di-
mensional setting), the equations for the modal am-
plitudes NM(/, w, y, u, a) are formally equivalent to the
matrix version of the equation of transfer for a plane-
parallel medium. In Part 1 we presented the general
solution to, and the interaction form of, this large sys-
tem of coupled differential equations.

It was mentioned in Part 1 that even for a relatively
small number of geometric modes and quadrature an-
gles, the general solution became unwieldy and in-
volved operations on very large matrices. However,
the solution is considerably simplified if the geometric
modes of the emergent radiance term (i.e., —n/=[(S
+ B)N], and the geometric modes of the path function
(i.e., f PNdy) are decoupled. This can be achieved by
diagonalizing the combined tensor (S + B) while si-
multaneously preserving the diagonal form of P. Un-
fortunately, the diagonalization cannot be achieved in
general without placing certain restrictions on P. From
Eq. (34) of Part 1, the phase function is diagonal, i.e.

(l+6a 0
P=
0 1

where 8, is Kronecker’s delta (see Appendix of
Part 1).

For illustrative purposes only, we will consider only
the azimuthally averaged solutions (i.e. a = 0) (or
equivalently we will assume that the solutions for the
general azimuthal mode are not greatly influenced by
the azimuthal asymmetries in P). If we make these
assumptions, it follows that

)p(u, W, a), 6)

P = Ip(p, v), ™

where p(u, u') is the scalar value of the azimuthally
averaged phase function. This assumption is probably
not too restrictive given that clouds are generally op-
tically thick and radiation within such media is trans-
ported by a simple diffusion mode which is approxi-
mately isotropic (Van de Hulst, 1980). This point is
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bome out in the comparisons presented below between
multimode solutions and Monte Carlo solutions.
Given (7), the problem of decoupling the radiative
- transfer equation (4) from its geometric modes requires
the diagonalization of the S + B tensor via

D=ES+BE™". 8)

Here D is the required diagonal form of (S + B) and
[E is the associated eigenfunction tensor.

The multimode radiative transfer equation (4) can
then be transformed to

.
" an® _ —[aH +2 D]N+
dy T
+1
s [ e N + N+ NS )
-1
with

N* = E"'N. (10)

The radiative transfer equation in the form described
by (9) can be solved directly for each of the principle

modes of N*. The radiance amplitude vectors N are .

retrieved by the transformation
N = ENY, )

and the radiance function N(u, v, y, u, ¢) is finally
obtained by applying the analysis formulas (1) and (3)
to obtain the radiance fields within the medium.

4. Solution of the directly transmitted radiamnces

For solar radiation problems, it is desirable to pro-
vide flexibility to the solution of (9) by allowing incident
illumination at angles other than those specified by
the quadrature angles. This can be achieved first by
separating the radiance field into its diffuse and direct
components and then by incorporating the direct beam
solution in the radiative transfer equation for diffuse
radiance by way of a source term. In the plane parallel
medium the direct beam solution is provided by the
simple Beer’s relation. Unfortunately, the direct beam
solution is far more involved in the multimode setting.
The purpose of this section is to provide this solution
and to couple it to the general multimode radiative
transfer equation.

a. Analytic solution

Consider a cloud shown schematically in Fig. 1 with
given optical dimensions (aL, aW, aH) which is ex-
ternally illuminated by a unidirectional beam of ra-
diance (Fy/4~) in the directions f, and ¢,. In the fol-
lowing, we set ¢ = 0 and, since the azimuth is mea-
sured from the positive u axis, only the top and one
of the vertical faces (the west face, see Fig. 3 of Part
1 for reference) of the box are illuminated uniformly
by Fo/4m. The solutions for other cases are straight
forward and can be developed in a similar manner.
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FiG. 1. Schematic view of the directly transmitted beam
through the optical medium X(a, b).

The directly transmitted radiance to a point (p
= u, v, y) in the box along some general direction
defined by £ can be written simply as

2o .
NO(u’ v, ¥, E) = f_:; exp{_J; ad}‘} > ' (12)

where )\, is the distance from b, the point of entry of
the beam on the face of the box to p along the direction
¢. Given ¢ = 0, uo = costly, no = sinfp and that « is
independent of A, then

F,
No(tt, 0, 3, to, d0) = 7 exp(—ado),  (13)
where
AO = M , u= u*
Mo
Ao = 2 s u<u*
Mo
for
N G i)
Mo

The solution given by (13) applies to two distinctly
different regions within the medium where the vari-
ation of radiance with depth is different for each region.
These two regions are illustrated in Fig. 2 where a
vertical slice through the cloud parallel to the u axis
is shown. For radiation incident on the top and side
face(s) of the cloud at an angle 6y, the behaviour of
N, with variations in y can be ascertained by travelling
along the vertical line shown in Fig. 2. This line cor-
responds to a set of points with the same # and v
coordinates. The radiance in the shaded region is a
result of the transmission through the top of the cloud
and drops off exponentially with depth (i.e., with
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FI1G. 2. Schematic view of the different regions that result from
the direct transmission of irradiance that illuminates both the top
and side of X(a, b).

H — y) to some finite depth defined at y* = u*no

Below this point (ie., y < y*), the radiance remains
constant with depth In this constant-with-depth region,

the radiance results from the direct transmission of
the illumination on the side of the cloud.

b. The multimode solution

The multimode amplitudes of the directly trans-
mitted radiance function Ny(«, v, y, £) can be obtained
by substituting (12) into (2) to derive the modal am-
plitude of the radiance function Ny(u, v, y, ug, ¢o
= 0). That is

NO(l W, ya Ho» ¢O

L

I
Xcos%du+f

e Y cos b du:I . (14)
u* L

. The solution.of (14) follows as
NO(L w, Vs Hos ¢0 = 0)

F , ' ,
4 T (L — ) 4 (1 — e/™)a],  (15)
where ¥’ = min(u*, L) and / = 0. For all other modes

(ie., I > 0)
NO(I > '09 W, ¥, ko, 0)

Fy é, . . -
= Lo by {[e‘““/‘“’(l' siny — — cos'y) + 3]6 !
4r L Mo Mo

1
~7 e im s_in'y} (16)
where I' = In/L, B = o*/9,2 + I”, v = I'u".

Figure 3 presents the multimode and analytic so-
lutions (15), (16) and (13), respectively, for the irra-
diance distribution at cloud base as a function of hor-
izontal position (shown as fractions of L) for different
values of NL used to truncate the series in (1). The
calculations were performed for a cuboidal cloud with
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optical dimensions (5, 5, 5) which was illuminated on
the top and west faces of the cloud by a collimated
beam at a zenith angle of 60°. It is apparent from the
example presented here that the irradiance distribution
is generally well handled as a function of u even for
a small number of terms taken to represent the sum-
mation in (1).

The comparisons shown on Fig. 3 illustrate an im-
portant point with regard to the number of / modes
that are required to represent the distribution of N,
within the medium. It is evident from Fig. 3 that
matching the incoming boundary radiation on the
cloud face at # = 0 requires more terms than for either
an accurate representation on the interior of the cloud
or for the application of (15) or (16) as a source of
diffuse radiation. This latter point is supported by
studying the radiance source vectors derived in the
Appendix. Inspectlon of (A15) reveals that the source
vectors contain a 1/1” factor in addition to the factors
apparent in (16). Thus only a small number of / modes
are required to represent the source functions associated
with the direct beam solution (16).

5. The multimode equation for diffuse radiation

The radiance amplitudes N(/, w, y, u, a) can be
divided into their diffuse and direct components in
the same manner as for the radiance function N(u, s

¥, bs @), that is
N = N* + N, 17

where N* and N are the amplitude vectors associated A
with the diffuse and direct (i.e., unscattered) radiance

T | 1 1 1
10 o-—.—a NL=3 .
Boorveenen a NL=7
o——--e NL=10
Analytic

<
w

Irradiance (relative units)

<@
S

1
0 o2l ou&L O6L 08L L
Horizontal position (u).

F1G. 3. Cloud base irradiance distribution as a function of horizontal
variable u for uo = 0.5 and ¢o = 0. The multimode solutions are
shown for various orders of truncation (NL).
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fields respectively. The vector N is defined according

to (5) with the amplitudes given by (15) and (16) for

1 =0 and / > 0 respectively. The governing equation

for the diffuse amplitude vector follows from (9) as '
dN#**

" = —| ol + 1D |N**
dy T

A

+1 N*’
tms [, NS 5, NG+
1

(18)

where the superscripts “+” again remind us that all
quantities are transformed according to (10). Note that
(18) refers to a collimated source of radiance, repre-
sented by the vector §,,Ng, along the direction cosine
uo. This term, as described more fully below, therefore
represents a source of diffuse radiance (represented as
N#%). Thus the solution of (18) for N** is formally
equivalent to the solution of the more familiar plane
parallel equation with the exception of the underlined
terms (A and B) and the solution is sought for each
of the principle modes.

a. Construction of the reflection and transmission
matrices

The construction of the reflection and transmission
matrices associated with (18) follows the standard
plane-parallel procedures with the exception of term
A. The modification of the transmission matrix to in-
clude this term is trivial [a similar modification was
described in Part 1, see Eq. (39)]. The general derivation
of these scattering matrices for the plane parallel so-
lution can be found in Wiscombe (1976a,b). The ma-
trices in the present multimode context are

() = [l + LD/ra — 7w PR’
. (19)
p*(y) = Tw CP M

respectively, for transmission and reflection where the
superscript (+) on p and t is again used for the trans-
formation (10).

Both £*(y) and p*(y) are square matrices of order m
(the number of quadrature angles employed to ap-
proximate the integral term). L and D are diagonal
matrices; the diagonal elements of L correspond to the
sine factor »; while D is defined by (8). All other matrices
are defined according to the normal plane-parallel
context, i.e., G and M are diagonal with elements given
by the quadrature weights ¢; and the abscissae y; re-
spectively while P and P~ represent the forward and
backward scattering matrices defined from the scat-
tering phase function and [ is the identity matrix.

b. Construction of the source vectors

The source of diffuse radiance, in the context de-
scribed above, can be defined by the following vector
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(20)

Doubling algorithms have been developed for source
functions which possess a depth dependence that is
either linear, quadratic or simple exponential (e.g.,
Wiscombe, 1976a,b). The problem that arises in em-
ploying source terms which are described by (15) and
(16) are substituted in (20) is that the depth dependence
is not a simple exponential and suitable algorithms
are required to render the solutions to a doubling form.
These algorithms are described in the Appendix.

N*" = mwop(u, po)NG .

6. The multimode radiative fransfer equatiom with
thermal emission

a. Source term N,.

In deriving (4), we assumed that the cloud optical
properties (e.g., volume extinction, volume scatter and
the scattering phase function) vary only with depth.
This assumption is also applied to the source term
and, for thermal emission, we consider the temperature
of the medium to be independent of the horizontal
location variables (¢, v). The source term in (4) can
therefore be written as'

N, = a()B(T)Z @1

where B(T) in this context is the Planck black body
emission at temperature 7, a(y) is the volume ab-
sorption coefficient [a(y) = a(y) — s(»)] and Z is the
vector

Z=1[10,0---1T. (22)

b. Side radiance amplitude term

We will assume here, only for reasons of simplicity,
that the medium is uniformly illuminated equally on
each of its vertical sides by the radiance Nyu). The
general expression for the incident radiance amplitudes
is (Eq. (31) of Part 1)

A n
Ni s s Sy My =
sl W 3y 1 @) = i e
X 2
a’=0

{[Nm + N )" FuW,™!

+ [Ny + Nuo =) *F W,lkLI_l} , (23)

where [, w,a =0, 1,2---and 0 < 5 < 1 and the
angular functions F;_; and Fy, ; are defined in the
Appendix of Part 1. Since each side of the box is il-
luminated equally, we will consider here for the purpose
of illustration only the incident radiance components
on the west face of the box in detail. For this case

! We have assumed for convenience only that temperature and
therefore B(T) are independent of u and v. Horizontal variations
in B(T) can be incorporated by deriving an alternate form for Z
using (1).
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N w,1 =

(1 + o )m J-np2 L;
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/2 w
L f 2 I:f N(u =0, v, ), 4, ¢) cos -WLI/VU dv] cosapde
0 ' N

(24)

/2
Nyz=~— [f f Nu =0, v, y, JT)] cos —_— dv] sinagpde
-2

A simplification to (23) follows by setting N(0, v, y,
i, ¢) = N(u) and by employing only the azimuthally
averaged component of the radiance (i.e., set a = 0),
040,
(1 + )
Similar expressions can be derived for N;;, N} and

N%,. Thus for a = 0, the incident lateral radiance
amphtudes on the wést face of the box are

Nsi,l(l’ w, y, My a= 0) '

Nyt = N{w and N,,=0. (25)

i,0 10,
= Ns(u)(;,,—w’ Fru+ ’T Fw, m) (26)
where
m=1+ (1"

Thus, the vectors N, defined by (21) and N,; with ele-
ments given by the amplitudes (26) are used in (9)
after being transformed according to (10).

7. Results .
a. Emergent solar radiation fields from finite clouds

The radiative transfer equation (17) with the solar
source term (19) was solved using the standard doubling
methods incorporating the algorithms detailed in the
Appendix. The calculations presented below apply only
to the azimuthally averaged radiance fields (i.e., a
= 0) which is in keeping with the approximation (6)
and the series in (1) were truncated with NL = 3 and
NW = 3, It is assumed that the only source of incident
radiation on the cloud is that associated with the col-
limated beam along the direction defined by uo. We
use a Henyey-Greenstein phase function with an
asymmetry parameter g = 0.865 and set wp = 1 as a
means of defming the relevant optical properties typical
of water clouds in the visible portion of the solar spec-
trum.

The upwelling flux through cloud top, normalized
with respect to the total radiative energy received by
the cloud, is shown in Fig. 4 as a function of the solar
zenith angle factor y, for clouds of varying horizontal
extent. The dimensions of the cloud are specified on
the diagram in terms of the trio of optical lengths (oL,
aW, aH) where oL and aW refer to the horizontal
optical dimensions of the cloud (in the west—east and
north-south directions) while aH is the cloud optical
depth. The plane parallel limit is also shown on the

diagram together with the Monte Carlo results of Dav-
ies (1978) which are depicted as discrete points. Fig.
4 serves to illustrate that, at least for o = 1 and u,
= 0.5, the muitimode solution agrees well with the
Monte Carlo results and that the solution tends to the
standard plane parallel solution as L and W approach
oo. The diagram also highlights the large differences
in the effect of sun angle on the scattered radiation
from finite and infinite clouds (a point already dis-
cussed by Davies, among others).

It is instructive to evaluate the effects of cloud ge-
ometry on the radiance field by simulating the radiance
detected by a satellite instrument. Fig. 5 shows a sche-
matic of the field of view of such a detector which is
large enough to contain the whole cloud but is not
able to distinguish cloud top and side. The detector
responds only to cloud top when looking vertically
down and receives increasingly more contributions
from the side as the viewing zenith angle increases.
The radiance sensed by such a detector is shown in
Figs. 6a and b as a function of the viewing angle as
the detector scans through 90 dégrees from the solar
and antisolar sides to cloud top. Also shown on the
diagrams are the appropriate radiance distributions
determined for the plane parallel cloud with the same
optical depth. The differences between plane parallel
and finite theory apparent in Fig. 4 are again evident
in the comparisons shown in Figs. 6a and b and high-
light the problems associated with the interpretation
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FIG. 4. Azimuthally and surface averaged emergent fluxes from
cloud top as a function of solar zenith angle g, for clouds of varying
horizontal extent. The discrete points represent equivalent Monte
Carlo solutions (from Dav1es, 1978).






