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ABSTRACT

A theoretical study was carried out to investigate the effect of radiative heating and cooling on the mass
and heat budgets of an ice crystal. Equations describing the radiative budget of an ice crystal were derived
and particle absorption efficiencies were calculated from the scattering theories for spherical and cylindrical
particles. The radiation budget equation was solved in terms of upper limits of warming and cooling. By the
introduction of the cloud blackbody depth, these limits were shown to apply over depths of several kilometres
for typical ice clouds. The effects of radiation on the growth and evaporation rates of ice crystals were shown
to be significant. Particle growth (evaporation) is enhanced (suppressed) in a radiatively cooled (heated)
environment. It was further demonstrated that the effects of radiative cooling in the upper regions of the
cloud greatly enhances the particle fall distances. In addition, particle growth and evaporation with and
without radiation exchange are discussed in terms of their effect on the total expected heating of the cloud
environment. It is demonstrated that radiation is the principal component in the diabatic heating of the
cloud environment especially when the ice particle dimensions are large.

1. Introduction

field of the atmosphere. This is achieved not only

‘ _ through the modulation of radiative heating but also

The interest of cloud physicists in the growth of ice
crystals has, in the past, concentrated mainly on their
role as a precipitation mechanism in both natural and
seeded clouds. The growth of the ice phase in pref-
erence to the coexisting supercooled water phase has
long been considered as the important process in the
initiation of precipitation in midlatitude cloud sys-
tems.

However, more recently, the effect of ice crystal
clouds on the radiative budget of the earth-atmo-
sphere system has gained considerable impetus in
terms of its importance to the World Climate Re-
search Program. This interest arises because, more
than any other cloud, high cloud has the potential to
reinforce any surface warming trend induced by an
increase in atmospheric CO, amount (Manabe and
Wetherald, 1967; Cox, 1971; Stephens and Webster,
1981). Central to this issue of climate change is the
so-called cloud-climate feedback problem. One of the
important aspects of this feedback is the way in which
cloud is modulated by its surrounding environment.
Thus studies of cloud evolution, which ultimately in-
volve the physics of the growth of cloud particles,
hold a special place in cloud-climate studies.

A further important consequence of the growth of
ice crystals in the atmosphere lies in their contribu-
tion to the total diabatic heating or cooling of the
atmospheric environment. Clouds are intrinsic to the
processes associated with modification and redistri-
bution of the components of the total diabatic heating
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through the release of latent heat by evaporating
cloud particles and ultimately by the dynamical re-
distribution of sensible heat, latent heat and momen-
tum. Thus the physics on the microscale (i.e., of the
individual particle) is germane to the maintenance
and modification of the diabatic heating fields on the
cloud scale. These heating fields are, in turn, impor-
tant to the larger scale circulations of the atmosphere
through their influence on the generation of potential
energy in the atmosphere.

It is demonstrated in this paper that the ice mi-
crophysical processes, which are central to problems
of precipitation, growth and evolution of clouds and
cloud systems, cannot be considered independently
of the radiative transfer that occurs between the ice
particle and its environment. First, the differential
equations which describe the transfer of heat and
mass during the growth and evaporation of cirrus ice
particles are solved. These equations are presented in
Section 2 and are followed by a set of equations which
describe the radiative heat budget of an ice crystal. -
The concept of the cloud black body is introduced
as a means of estimating the depths into the cloud
for which the various radiative transfer cases can be -
considered to apply. In Section 3, the radiative bud-
gets of spherical and cylindrical ice particles are pre-
sented. The influence of the radiative budget on the
growth and evaporation of falling ice crystals in the
atmosphere is demonstrated in Sections 4 and 5 by
incorporating the radiative budget calculations di-
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rectly into the differential equations for mass and heat
transfer.

2. The growth equation

The basic equation governing the diffusional growth
of ice crystals has been presented by numerous au-
thors (e.g., Mason, 1953, Young 1974, Hall and Prup-
pacher 1976 among others). Miller and Young (1979)
present a survey of the relevant factors contained
within the equation and compare the performance
of theoretical prediction of growth rates with exper-
imental data. The mass growth equation is given by
(e.g., see Miller and Young, 1979)

aM
dt 47rCDflf2[pv(Too)

where p,(7 ) and p;;(T,) refer to the ambient vapour
density (determined from the ambient temperature
T, and relative humidity) and to the saturated (with
respect to ice) vapour density at the crystal surface
. (i.e., determined from the crystal surface temperature
T;). Other factors in (1) are '

1) D——dltfusthy of water vapor in air is deter-

mined from

D = 2.11(T/To)"*(Po/P) [em? 5°']

(after Hall and Pruppacher, 1976).

2) C—stationary diffusion shape factor which ac-
counts for the influence of particle shape on the field
of water vapour around the crystal. This factor is
usually modeled by appealing to the analogy of the
potential field surrounding a conductor of the same
shape. Two examples are C = r for spherical ice par-
ticles and C = LE/In[(1 + E)/(1 — E)] for columnar
shaped ice crystals where E is the eccentricity of the
particle and L is the length of the columnar crystal.

3) fi—factor that corrects for the difference be-
tween the transfer of water molecules to the crystal
by diffusion and that according to kinetic treatment
of individual water molecules. It is defined in Hall
and Pruppacher (1976) as

psi(T5)), (H

. r*
fir= T
with r* = S§/4xC and
lx,r— 27l'Mw Df2 —,
RT; 282 - B)!

where S is the surface area of the particle, M,, the
molecular weight of water and R is the universal gas
constant. Here 8 is the ratio of the actual number of
water molecules leaving the ice surface during evap-
oration to the number predicted by kinetic theory
and is known as the deposition coefficient. At the
present time there is no generally accepted value for
the deposition coefficient and experiments have pro-
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duced a range of values from 0.005 to unity. This
factor is important only for very small crystals and
the sensitivity of the crystal growth rates for growth
times greater than one minute are small. We fix 8 in
this study at a value of 0.1 (after Miller and Young,
1979) for all temperatures considered here.

4) f,—The ventilation factor (f,) accounts for en-
hanced growth of the crystal due to the enhanced
vapour flux that results from motion of the crystal
in air. After Hall and Pruppacher (1976)

{ 1+ 0.14(NY3NY2?,  for NYANK2 < 1.0
27 10.86 + 0.28(NIANY2), for NYANYZ> 1.0,

where Ng. = n/p,, D is the Schmidt number and Ng,
is the Reynolds number defined by the characteristic
dimension of the crystal.

A steady-state balance is assumed between the
mass deposited and the latent heat released. This
steady state requires that the net rate at which energy
is delivered to the particle by sublimation and radia-
tion is equal to that removed by diffusion. Thus

L d—;t—l + O = 4rCDfHSAT,

(2)
where QR is the radiative power deposited in the par-
ticle, L, the latent heat of sublimation and A7 is the
temperature difference between the environment
(T»,) and particle (T;). The two factors f¥ and f¥ are

the direct counterpart of those found in (1) and can
be defined as

5) ff—I[= r*/(r* + I»], with [} =Kft/
(ps%ati,aC,). Here K is the thermal conductivity of
moist air, 7, is the average velocity of air molecules
striking the surface of the ice particle and « is the
thermal accommodation coefficient (set here as
a=1).

6) f$—the ventilation factor for thermal diffusion
defined as (Hall and Pruppacher, 1976)

f’z* = 1.00 + 0.14XQ, Xo < 1.0
0.86 + 0.28xp, xo> 1.0,
where xp = N¥>N¥2,+ and N, is the Prandtl number.

A list of all symbols used in this study appears in
Appendix A.

3. Radiative budget of an ice crystal
a. General equation

 The total radiative power absorbed by an ice crystal -
of some characteristic dimension /x for radiation re-

ceived over all solid angles w can be formally deter-
mined by
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o [*4r
QR = J; R G(lk; w)Kabs(Aa lR, (U)(J(Tz, A3 w)

— B(T;, N\, w))dwdX.  (3)

In (3), k. is the particle absorption efficiency and is
a function of the wavelength of radiation, the refrac-
tive index of ice at that wavelength and the particle
orientation with respect to the incident radiation.
G(lp, w) is the geometric cross section of the particle
normal to the flow of radiation, and J(Ts, A, ) the
incoming radiation incident on the particle from the
surrounding environment at some source tempera-
ture Ts. This temperature is the same as the envi-
ronmental temperature 7., only for a particle im-
mersed within a blackbody (e.g., in the interior of
a thick cloud). In Eq. (3) B(T,, A, w) is the Planck
black body function and represents the emission by
the particle of temperature 7T at the wavelength A.

At this point the definition of Qx according to (3)
applies to any arbitrarily shaped particle of charac-
teristic length I and cross sectional area G(/g, w). In
principal, however, the absorption efficiencies re-
quired to determine Qg are derived from complex
single scatter theories for ideally shaped particles (e.g.,
spheres or cylindrically shaped particles, see Van de
Hulst, 1957). The definition of radiative power ab-
sorbed by the ice particle as given by (3) involves the
integral over all possible directions of incidence (w)
and over all wavelengths (\).

b. Shortwave absorption

There is no particle emission for the shortwave
component of this absorption (assumed here for A
< 4 um), and the impinging radiation is specified in
terms of the incoming solar flux. Thus (3) reduces to

QR(A<4um)=L4”mL4'

X G(le w)Kabs(As le w)FO(}‘9 w)dwd)\,' (4)

where Fy(\, w) represents the solar radiance incident
on the particle. The effects of solar absorption on the
radiative budget of an ice crystal are discussed in the
following section.

¢. Longwave absorption

A simplification to (3) can be made by introducing
the notion of azimuthally averaged radiance:

- 1 2%
J()‘a T)h 0) = E J(A: TE’ 0’ ¢)d¢: (5) .

where the general directional representation (w) in J
has been separated into its azimuthal ¢ and zenith
components 6. It is convenient to consider the at-
mosphere as a stratified medium. Then, the total flow
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of radiation through any level in the atmosphere can
be described in terms of the hemispheric fluxes
/2

H*\, T%) =2« JE(A\, T%, 0) cosf sinfdh, (6)
o .
where the + superscripts refer to an upward or down-

ward directional flow of radiation. The substitution
of (6) and (5) in (3) resuits in’

Or =27 G(IR) J:o Kabs(A, IR)[ﬁ A\, T3) '

+ H™(\, T3) — 2Bp(Ts, NldX,  (7)

where G and k., now refer to some suitable average
of the particle cross sectional area and absorption
efficiency over particle orientation, and By is the ap-
propriate hemispheric blackbody flux.

d. Physical limits to the ambient longwave radiation
fields

The radiation incident on an ice particle in a cloud
in the upper portion of the troposphere is highly vari-
able. This radiation results from a combination of
multiple scatter and absorption processes. Thus a
proper specification of H* in (7) involves solving a
complex radiative transfer equation. However, phys-
ical limits can be defined to specify H* and provide
some indication of the variability of Q.

1) CASE 1: ISOLATED CRYSTAL

The radiation incident on and absorbed by the
particle originates from the lower levels of the at-
mosphere and underlying surface below the crystal
(H*) and from the atmosphere above the crystal (H ™).
Then for a simple transparent atmosphere,

H O\ T%) = Br(A, Tg)} (8)
H(\, T3 =0 ’ :
0n =6t [ T, (BN T
— 2B\, THIdN, (9)

where T, is the temperature of the ground. The as-
sumption of a transparent atmosphere is necessarily
simple but it is compatible with the aims of the pres-
ent exercise in establishing some outer limits to the
radiative heating term in (2). The assumption, for
some of the cases discussed here, will lead to an over-
estimate in Q. However, it is probably not too severe
for the case of high cloud since the radiative processes
in clouds tend to be dominated by radiative transfer
in the transparent 8—12 um spectral region and even
by the transfer in the water vapour absorption bands
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which are partially transparent in the upper tropo-
sphere. ‘
The above radiation limit applies to a single crystal
exchanging radiant energy with the ground and space.
Two more extreme limits to Qx can be defined for
the case of radiative exchange between the given par-
ticle and surrounding ice particles together with an
exchange of radiative energy either with the surface
or space. These limits are defined below as the max-
imum warming and cooling cases respectively and
will be used throughout the remainder of the paper.

2) CASE 2: MAXIMUM WARMING

This warming limit might arise, for example, in the
lower portion of a high cloud where the impinging
radiation at cloud base originates from the underlying
surface while the incident radiation on the crystal

from above emanates from adjacent cloud particles. -

For a thick cloud, the downcoming incident flux A~
is obtained from the blackbody emission function
determined from the cloud temperature.

Thus by assuming the atmosphere is transparent
below the cloud,

H*(\, T3) = Br(\, Tp) } (10)
H-(\, T3)=Bs(\, Ty )’
and therefore
Ox = Gl 4°°‘ Ra(Ns LB, T)
= Br(\, T)dN.  (11)

3) CASE 3: MAXIMUM COOLING

This physical limit can be considered to apply in
the upper levels of a cloud. In these regions, the cloud
particle radiates strongly to space resulting in a strong
cooling. Note that this cooling limit is independent
of the assumption of a transparent atmosphere (given
that the atmosphere is dry above the cloud layer).
Also, it is more probable that the cooling limit is
applicable in an atmosphere of high humidity since
the likely undercast cloud conditions below the par-
ticle will act to shield it from the radiation that orig-
inates in the lower levels of the atmosphere.

This physical limit is formally imposed by setting

H(M\T5)=0
H*(\, T3) = Be(), Ts)-} ’

(12)

Or=—Glp |

4um

Ras\, DB\, TN, (13)

The cooling and warming limits derived above with .

kaps ~ 1 are the more rigorous equivalent of those
given by Hall and Pruppacher (1976). Their cooling
case contains a factor of %2 that does not appear in
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(13) while their warming case is apparently incorrect.
Their results therefore underestimate the effects of
radiative heat exchange on the growth and evapora-
tion of ice particles by roughly a factor of 2. This
point is illustrated later in relation to the results
shown in Table 2,

e. The cloud blackbody depth

An ice crystal at the base of the cloud absorbs the
upwelling radiation from below and experiences ra-
diative warming in those regions (i.e., Og > 0) while
the particle at cloud top is radiatively cooled (i.e., Qg
< 0). An ice particle deep in a (thick) cloud is shielded
by the radiation from the ground and by the cooling
to space and is in radiative equilibrium (Qr = 0) by
nature of.the blackbody characteristics in those re-
gions of the cloud. Thus, the radiation limits dis-
cussed above are strong functions of position in the
cloud. It is therefore important to determine the
depth to which the radiative limits can be considered
to apply in the cloud.

This depth is'described here in terms of the black-
body depth which is defined as that depth below
which the cloud radiates as a blackbody. Stephens et
al. (1978) among others has demonstrated that stra-
tocumulus water clouds tend to possess blackbody
depths of about 100 m. The blackbody depths for ice
clouds are considerably larger than for water clouds
since ice clouds, in nature, tend to have much smaller
water (ice) contents than those of water clouds.

Table 1 attempts to illustrate examples of the black
body depth for a range of ice water contents. These
depths were calculated in the following manner. The
broad band emissivity of cirrus clouds is expressed
as (See for example the discussion in Stephens, 1978)

e =1— exp(—al)

where I is the ice water path (g m~2). The broad-band
flux measurements taken in cirrus cloud by Paltridge
and Platt (1981) and Griffith et al. (1980) were used
to determine values of the mass absorption coefficient
a. These estimates are shown Table 1 for the two sets
of data.

Thus for a given ice water content, the ice water
path was determined by integration along the vertical
path. For the purposes of illustration, estimates of /
are based on the assumption that the ice water con-
tent is uniform along the vertical path and that the
cloud radiates as a black body (i.e., ¢ ~ 1) when the
product of a and I equals 5. Thus for a given mass
absorption coefficient the black body depth is deter-
mined from the ice water content and the product
of a and I. The entries in the table suggest that clouds
with ice water contents less than 0.01 g m™3 must be
several kilometres thick before they attain black body
radiative characteristics. Heymsfield (1977) measured
the ice water contents in cirrus clouds associated with

AN
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four different synoptic situations. He found that ice
water contents of 0.01 g m~2 or less were typical of
clouds at temperatures at or below about —40°C.
From the entries in Table 2, it is evident that ice
clouds are often semitransparent through paths that
extend over several kilometres such that they will
experience radiative heating or cooling deep within
the cloud. In isolated cirrus, the maximum heating
and cooling cases will be limited to dense clouds and
over regions close to cloud top or base. However, in
certain cases, for instance, ice clouds overlying thicker
clouds or ice crystals falling out of the base of thick
cirrus respectively, Case 3 and 2 could be reached.

J. Absorption efficiencies

The radiative budget of an ice crystal, defined by
(9), (11) or (13) requires the specification of the par-
ticle cross sectional area G and absorption efficiency
k. At this point, we confine the study to particles of
specific shape, that of a sphere or circular cylinder.
These constraints arise from the fact that scattering
and absorption efficiencies of ideal particle geometries
are obtained from the analytic solution of Maxwell’s
equations (e.g., Van de Hulst, 1957). The predomi-
nance of bullet or columnar shaped ice crystals in
cirrus (e.g., Heymsfield, 1975) suggest that circular
cylinders are a useful approximate to the shape of
real ice crystals.

The absorption efficiencies (x) for spheres and cyl-
inders are determined from the respective extinction
and scattering efficiencies which, in turn, are derived
from complex single scatter theories. For spherical
scatterers, these efficiencies are

Kext = ﬁ § (2n + 1) Re[an(x, m) + b,(x, m)]

8

Ksca = %Z @n + D{la,x, m)f? + ba(x, m)*}

(14)
with
Kabs = Kext — Kscas

where a, and b, are the so called Mie coefficients and

TaBLE 1. The blackbody depth (km) for
given ice water contents.

Mass Ice water content
absorption (gm™)
coefficient a
(g7' m? Source 0.005 0.0f 0.05 0.1
0.056 Paltridge and Platt 17.9 8.9 1.8 09
(1981)
0.096 Griffith et al. 10.4 5.2 1.0 05
(1980)
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are functions of the size parameter x = 27rA"! and .
complex refractive index m. The heart of the Mie
scattering problem lies in the computation of a, and
b, which are determined complex expressions in-
volving Bessel functions [e.g., see Van de Hulst
(1957)1.

The efficiency factors for circular cylinders are de-
termined from ‘

2L
Kext = 7~ Re[bo + ao2

+2 2 (by + by + an + an)l, (15)
n=1 )

2L
Ksca = % {1boi* + laga|?

+2 2 (bl + bl + laml® + a1},
n=1

with s defined by (15). Here k (=27\") is the wave-
number, L the crystal length and b,,, a,,, etc. are
analogous to the Mie functions a, and b, and simi-
larly depend on size parameter and refractive index
as well as the orientation of the cylinder long axis to
the incident radiation. For a more complete descrip-
tion of the relevant coefficients see Liou (1972).

&. Results

The calculation of the radiation exchanged be-
tween an ice crystal and its environment, according
to (9), (11), (13), (14) and (15) requires the specifi-
cation of the geometric cross section (G) of the par-
ticle normal to the incident radiation. This is trivial
for spherical particles but requires some discussion
for cylindrically shaped particles because of the effects
of particle orientation on G. In this study, the radia-
tion incident on the particle is assumed to be normal
to the crystal long axis. Stephens (1980) demonstrated
that infrared absorption is not greatly influenced by
ice crystal orientation effects.

Fig. | presents k,,s as a function of incident
wavelength for a spherical particle of radius 43 pm.
The refractive index data were taken from Wiscombe
and Warren (1980) for the spectral range 0.7 um
< A < 2.8 um, and from Schaaf and Williams (1973)
for 2.8 um X < 33.0 um, while the data of Irvine and
Pollack (1968) were employed for wavelengths be-
yond 33.0 um. It is evident from the diagram that for

the given particle sizes used in the calculations, x.s

varies from 0.9 to ~1 for most infrared wavelengths
regardless of particle shape. For shorter wavelengths
(A < 4.0 um), «,,s shows absorption band structure
which can be associated with variations in the com-
plex part of refractive index at these wavelengths.
In Fig. 2 spectral distributions of the radiative
power absorbed per unit area in a small frequency
interval for A > 4.0 um are shown for'the three phys-






