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ABSTRACT

The problem of radiative transfer in a horizontally infinite cloud layer possessing anisotropy with re-
spect to volume extinction and other single-scattering properties was solved using the method of discrete
space theory: The model was applied to a hypothetical ice crystal cloud composed of long cylinders
displaying preferential orientation (in the horizontal) to provide the gross radiative properties of
shortwave reflection, shortwave absorption, and longwave emission and reflection. These results were
directly compared to clouds with the assumed microstructure of cylinders randomly orientated in
three dimensions and of equivalent (by area) spheres. Generally, the gross radiative properties for
clouds composed of equivalent spheres are substantially different than those for either of the cylinder
models. The relative differences between the three assumed microstructures suggests that equivalent
spheres cannot be employed to approximate the gross radiative properties determined for clouds

composed of long cylinders. The preferential orientation of the long cylinders does affect significantly -

the estimates of cloud albedo, shortwave absorption and cloud emission when compared to the
three-dimensional randomly orientated case. Thus it may be necessary to incorporate preferential
crystal orientation into detailed multiple-scattering calculations’ which may eventually be employed
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to develop some parameterization of the gross radiative properties of ice crystal clouds.

1. Introduction

There has been a concerted effort over the past
few years to determine the radiative properties of
cirrus clouds particularly in regard to their influence
on energy balance climate models and even more
tractable dynamic circulations of the atmosphere
(e.g., Stephens and Wilson, 1980). Clouds, in gen-
eral, are the most important modulators of the earth’s
radiation budget and, while a comprehensive cloud
climatology is still lacking, it is possible that high ice
clouds are perhaps the most extensive above all
other cloud types around the globe.

The need for a better determination of cirrus
cloud radiative characteristics has been appreciated
for some time. In situ observational investigations of
their radiative properties are now beginning to ap-
pear (e.g., Griffith ez al., 1980; Paltridge and Platt,
1980) but there has been a large number of ob-
servational studies based on remotely sensed de-
terminations of the cloud radiative characteristics
(e.g., Platt, 1979; Platt and Dilley, 1979) which are
usually confined to discrete spectral intervals. It
may thus be possible, in the near future, to make
explicit and important comparisons between the ob-
servational properties and those deduced from
theory.

Theoretical studies have been hampered by a
general lack of information on ice crystal particle
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size and shape and the inability to handle single
scattering by nonspherical particles although re-
cently developed semi-empirical theories (e.g.,
Chylek et al., 1976; Pollack and Cuzzi, 1980) may
greatly improve the situation. While the microphysi-
cal structure of cirrus ice clouds may vary widely,
it is possible that the predominance of bullet shape
or columnar shape crystals (Heymsfield, 1975) will
allow the particles to be approximated generally as
long cylinders (either circular or hexagonal cylinders)
even though distinct observable single-scattering
features are not produced by such models.

A further complication for theoretical calcula-
tions involves the favored orientation of the ice
crystals. Previous multiple-scattering calculations
employing the scattering theories derived from long
cylinders assume that the crystal axis (i.e., the long
axis) is randomly orientated in three dimensions.
However, fluid mechanical considerations show
that the effect of the crystal falling motion is such
that their long axes are aligned horizontally (Ono,
1968). Jayaweara and Mason (1965) also found in
studies of freely falling cylinders in viscous fluids
that the long axes are horizontally orientated. It is
thus reasonable to assume that the crystals in
cirrus clouds fall such that their long axes are
horizontally aligned. In a sense, this has been con-
firmed in an observational study by Platt (1978)
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employing lidar backscatter returns to indicate a
strong coherence in crystal orientation with almost
negligible crystal flutter (less than half a degree).

This particular study concentrates on the effects
of such preferred crystal orientation on the derived
radiative properties of hypothetical high clouds. This
requires the solution of the radiative transfer equa-
tion in an anisotropic optical medium. Here the
term anisotropic refers to a scattering medium for
which the scattering properties (volume extinction
and not just phase function) vary not only with
position in the cloud but also with angle (in this
case the angle of the incident beam of interest). The
radiative transfer equation is solved by application
of the discrete space theories of Preisendorfer
(1965) extended by Grant and Hunt (1969). The
particular discrete space setting is a linear lattice
and, while the model has essentially been discussed
elsewhere (e.g., Grant and Hunt, 1969; Stephens,
1976) for this setting, it is necessary to portray the
essential framework of the linear lattice as a basis
for a future study on a more complex lattice (e.g.,
cubic lattice) and thus for more complex optical
media (such as for finite clouds). Results are pre-
sented for a single cloud layer and for three selected
wavelengths at 0.7, 2.22 and 11 um. While no broad-
band calculations are presented here, the results for
these three wavelengths may be qualitatively ex-
trapolated to provide a priori indications of the effect
of crystal orientation on cloud albedo, shortwave
absorption and cloud emittance.

2. The radiative transfer equation

In the continuous setting, the radiative transfer
equation for monochromatic intensity N is a plane
parallel but anisotropic medium is

dN(7,1)
dr(p)

+ NG = Yio(w) f

-1

+1

P(r,pm,u")

X N(r,uwdp' + S(r,pm,m0), (1)

where w is the cosine of the zenith angle, 7 is the
optical depth (now a function of u), and @, and p
are the single-scattering albedos and phase func-
tions, respectively (again dependent on w). In (1),
S is the source term

[1 ~ @(w)]B(7,p)

' (thermal radiation) (2)
S(Ts/“LJLO) = '
Yaao( i) Fo P (7, 11, po)e 1Mo

(solar radiation), 3

which separates into a thermal emission term (2)
with the associated Planck blackbody function B
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and a pseudo source term (3) associated with the
direct solar radiation beam incident at the cloud
top with a flux F, and a cosine of solar zenith
angle u,. In this context, the presence of (3) in
Eq. (1) represents the separation of the multiple-
scattering term into its diffuse and direct com-
ponents. It should be noted that the radiative trans-
fer equation (1) applies to the azimuthal independent
(i.e., azimuthally averaged) component of radiation
which is further assumed to be unpolarized. These
assumptions are reasonable for flux computations
but remain questionable when applied to the deter-
mination of radiance fields.

3. Discrete space theories —linear lattice

The solution of (1) employs the theories of discrete
space theories presented by Preisendorfer (1965),
and applied by Grant and Hunt (1969) with the ex-
plicit inclusion of radiative sources. Solutions of
certain classes of radiative transfer problems em-
ploying discrete space theories have been applied
hitherto for plane parallel settings although the
framework for solutions of the radiative transfer
problem can be extended for more complex opti-
cal media. Such is the case in this particular study
for a plane parallel medium displaying anisotropy.

In discrete space theory, the continuous plane
parallel setting reduces to an equivalent set of
discrete points spaced along a vertical line (thus a
linear lattice). The reference framework of the linear
lattice adopted in the following is shown in Fig. 1.
Consider the general discrete space X, in this case a
linear lattice (of numerical length n). The actual
length of X, is arbitrary depending on the choice
of the number of units (optical depths say) separat-
ing each point of the lattice. Thus the discrete space
can be partitioned into the set of points {(0,0,;),
Jj =1, ...n}. The directional space can be related
to the unit vector k (and —K) as in Fig. 1 specifying
w4 for thek and p_ for —k directions. It follows that
at each point in the lattice, the upward and down-
ward radiances become, respectively, N(j,u) and
N(j,n-) [or just N(j,+) and N(j,—), respectively].
These radiances will later be extended as radiance
vectors of length m associated with the m beams
used to characterize each of the u, and w. di-
rections.

a. The principles of invariance on a linear lattice

The principles of invariance were originally de-
rived for homogeneous slabs of light-scattering
materials which may have finite or infinite optical
depth but always infinite lateral extent. The princi-
ples incorporate statements about the functions de-
scribing the diffuse reflectance (R) and the diffuse
transmittance (7) of the described optical media.
The statements of the principles give rise to explicit
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formulas which relate by means of the R and T
factors, the radiance distribution of some interior
point of a slab to an incident-boundary radiance
distribution on each face of the slab. These principles
were first introduced in a preliminary form by
Ambarzumian (1943) and later extended by Chan-
drasekhar (1950) pertaining to homogeneous plane
parallel slabs with arbitrary scattering phase func-
tions. The principles became even more powerful
with the work of Preisendorfer (1958) who applied
them to a wider class of spaces (e.g., nonhomoge-
neous, curvilinear, non-steady-state).

The principles of invariance are the very founda-
tion of the established radiative transfer equation;
the latter may be regarded as a limiting form of the
principles. They are directly employed here in two
ways in determining the solution to (1). On the one
hand, the principles are inverted to determine the
properties of the medium in the form of the R and
T factors (and the J factor—source term) when
given arbitrary boundary conditions and the re-
sultant radiance fields within the medium. On the
other hand,. the principles are directly employed to
determine the resultant radiance fields in a medium
when given arbitrary boundary conditions and the
optical properties of the medium in the form of
the R and T factors. Thus the former approach pro-
vides the requisite R and T factors for layers ‘“‘added
or doubled”’ to one another and is ultimately em-
ployed by the latter utilization of the principles-to
provide the required radiance fields.

b. Application of invariant imbedding: the R, T
and J factors

Consider the radiances emerging from a layer
whose boundaries are at the discrete points 0 and 1.
Thus the radiance emerging from the layer at 0 and 1
are respectively related by the interaction principle
(e.g., Preisendorfer, 1965; Redheffer, 1962), i.e.,

N(1,+) = T(0,1)N(0,+)
+ R(1,0)N(1,-) + J(0,1)
N(0,-) = R(0,1)N(0,+) N
+ T(1,00N(1,-) + J(1,0)

where 7(0,1) is the diffuse transmission factor and
R(0,1) the diffuse reflection factor with the contribu-
tion by the sources within the optical medium desig-
nated by J(0,1) and J(1,0). We also consider simi-
larly. an adjacent layer bounded by the discrete
points 1 and 2. The emergent radiances become

N@2,+) = T(1,2)N(1,+)

+ R2,1)N(2,-) + J(1,2)
N(1,-) = R(1,2)N(1,+)

+ T2,)NQ2,~) + J(2,1)

4
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F1G. 1. The reference frame for a linear lattice. The Z co-
ordinate increases in the direction —k and the directional space
is specified by u, and u_.

and similarly for the combined layer
NQ@2,+) =T(0,2)N(0,+)

+ R(2,0)N(2,~) + J(0,2)
N(@,-) = R(0,2)N(0,+)

+ TQ,00N2,~) + J(2,0)

Combining (4) and (5) and equating with (6), the
resulting factors for the combined layer are

1(0,2) = T(1,2)[1 = R(1,O0R(1,2)]7'T(0,1)

Q)

R(0,2) = R(0,1) + 7(0,1)
X [1 — R(1,2)R(1,0)1]17(0,1)
J(0,2) = J(1,2) + T(1,2) (7a)
X [1 — R(1,0)R(1,2)]"'(J(O,1)
+ R(1,0)J(2,1)) ]
Similarly :
T(2,0) = T(1,0)[1 — R(1,2)R(1,0)]"'T(2,1) |
R(2,0) = R(2,1) + T(1,2)
x [1 — R(1,0)R(1,2)]!
X R(1,00T(2,1) (7b)
J(2,0) = J(1,0) + T(1,0)
X [1 -~ R(1,2)R(1,0)]!
x [J(2,1) + R(1,2)J(0,1)]

These equations explicitly invoke the invariant im-
bedding relation which in essence implies that the
form of the reflection (and transmission) factors does
not change when the depth of the layer bounded
by the points 0 and 1 (or 1 and 2) say is changed.
This allows (7a) and (7b) to be employed starting
from thin layers to describe the R, T and J factors
for a layer of any desired thickness. For an initial
layer of optical thickness A7, the factors can be es-
tablished for a layer of thickness 2°Ar (hence the
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term doubling) by cycling through (7a) and (7b) p
" times. . :

c. Internal response

. Here the principles of invariance are once again
called on to determine the internal distribution of
radiance in the optical medium. The actual deriva-
tion of the internal radiances from the principles of
invariance are lengthy and the reader is referred to
Grant and Hunt (1969) for details. Essentially, the
radiance emerging from the discrete points » and
. n + 1can be determined from the recursive scheme

N(n +1,+) =R(l,n + DN(n + 1, -)

+ V(n + %, +), B
N(n,—)=T(n,n + DN(n + 1, =)

+V(n+ -), 9
where
R(l,n + ) =R(n,n+ 1)+ T(n + 1, n)

X R(1,n)[1 — R(n + 1, n)R(1,n)]™?
X [T(n, n + 1)]

T(n + ¥5) = [1 — R(n + 1, n)R(1,n)]!
R(n + %) = [T(n + 1, )R(L,m)T(n + %)]
Rd,n+ 1) =R(n,n+1) , (10)

+ R(n + B)T(n,n + 1)
T(n,n + 1) =Tn + B)T(n,n + 1)
T'(n + %) = [1 — R(1,n)R(n + 1, n)]™!
T(n + 1,n) =T(n + 1, ))T'(n + %)
R(n +1,n)=R(n + 1,n)T'(n + ¥5)
~ and -
Vin + ¥, +) = Tn + 1, n)V(n — V5, +)
4+ J(n,n + 1) + R(n + ¥%)J(n + 1, n),
Vin + %, =) = R(n + 1, n)V(n — ¥, +)
+ T(n + V2)J(n + 1, n),

1, 2, . .. N, with the initial conditions

forn =
R(1,1) =0 and V(2,+) = N(1,+).

Simple modifications to (8) and (9) are required for a
lower reflecting surface (see Grant and Hunt).

The individual factors between adjacent points
n and n + 1, in this case, are determined in the
fashion described in Section 3b.

4. The plane parallel medium and its associated linear
lattice

We now consider a stratified optical medium
(i.e. the volume scattering properties depend on
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z and not on x and y) and divide the medium into

n (not necessarily equal) slabs such that the total
optical depth 7, becomes -
n

™= 2 Ar. a1

i=1

a. Construction of attenuation functions

The contraction of the radiative transfer equa-
tion into its discrete space operators via the
principles of invariance, as discussed above,
ultimately relies on some form of initialization.
This is usually done assuming small optical
depths (A71; < 1) and employing suitable single-
scattering theories (or appropriately deduced ob-
servational data).

In this paper the single-scattering properties
are determined from the theory of light scattering
by long cylinders. Only a brief outline of the
theory has been discussed below since more ex-
tensive discussions appear in Liou (1972a,b).
The scattering and extinction cross sections per
unit length for unpolarized light incident on a
cylinder at radius r can be defined respectively as

> (Jbul?

n=1

+ Ian]Z + ’anll2 + Ian2'2)}, (12)

2
exlax) = {|bon|? + |aee|? + 2

2
cla,x) = l: Re{by + aop

+ 2 2 (bnl + bnz + an + du2)}, (13)
n=1

where a, and b, are the scattering coefficients
(analogous to the Mie scattering coefficients) out-
lined in some detail by Liou (1972a), x is the
size parameter (x = 27r/)A), r the cylinder radius,
k the wavenumber and « the incident angle. The
geometry involved in relation to the particle
orientation has been outlined by Liou (1972b).
The angles responsible for the orientation in the
vertical direction € and the.horizontal direction
v are related to the incident angle, i.e.,

(14)

Thus the average scattering and extinction cross
sections per unit length for a- sample of randomly
oriented long cylinders in three dimensions may
be expressed as

sina = cose cosvy.

T2 T
éx) = 22 J J ci(a,x) secadedy, (15)
w2

0 0

2 T
Cox) = —2—2 J J co(a,x) secadedy.  (16)
™

0 0

The average cross sections‘per unit length for a
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sample of long cylinders randomly orientated in
the horizontal plane follows directly from (15) and
(16) but with the removal of the integration over
vertical directions (e). Note the inclusion of the
seca factor in (15) and (16). Twersky (1954)
showed that if a cylinder has an inclination
angle « with the incident ray, a factor of seca
should be taken into account for the determina-
tion of scattering cross sections. This factor
arises since the total cross section is essentially a
ratio of the energy flux absorbed and scattered
per unit length of cylinder to the incident flux
density. The latter quantity incorporates a cosa
factor and hence the seca factor appears in (15)
and (16).

Table 1 presents the single-scattering properties
of volume extinction (km™'), single-scattering al-
bedo and asymmetry parameter for cylinders of
100 wm in length, 25 wm radius and a particle
number density of 0.05 cm™3 which roughly repre-
sents the crystal dimensions expected in high
clouds. The calculations were performed for an inci-
dent wavelength of 0.7 um and assume random
orientation of the crystal long axes in three
dimensions and random orientation in the hori-
zontal plane only for the specified zenith angle
of the incident beam.

The three-dimensional averaged quantities are
those commonly used in previous radiative trans-
fer calculations and supposedly represent an
attempt to average out the anisotropy of the opti-
cal medium. The variation of the single-scattering
properties with incident angle is significant,
particularly for volume extinction which tends to
be a minimum for incident beams inclined at
large zenith angles (i.e., toward the limb) and in-
creases for higher zenith angles. The smaller
volume extinction to the limb can be roughly
interpreted in terms of the geometric cross sec-
tions which will be a minimum at zenith angles
of 90°. It is also significant to note the variation
of the phase function asymmetry factor (cosy)
for the different assumed incident angles with re-
spect to the vertical. The incorporation of this
variation in the R and T factors is discussed
explicitly below.

The specification of the R, T and J factors from
the single-scattering data has been outlined in
excellent detail by Wiscombe (1977) and only an
outline is presented here for those factors that
differ for an anisotropic optical medium. Broadly,
the initial factors are determined by explicitly re-
lating the interaction principle (4) which incor-
porates the principles of invariance, to the radia-
tive transfer equation via the input single-scattering
data for an infinitesimally optically thin layer. At
this point the direct connection between the prin-
ciples of invariance and the radiative transfer equa-
tion are realized.

STEPHENS 2099

TaBLE 1. The single-scattering properties of volume extinction
(km™?), single-scattering albedo @, and of asymmetry parameter
(cosy) for long cylindrical ice crystals randomly orientated in the
horizontal but for the given zenith angle of the incident beam and,
randomly orientated in all directions for A = 0.7 um.

Zenith angle ag(0)
0 (deg) (km™) @o(6) (cosy)
84 0.340 1.000 0.766
60 0.371 1.000 0.772
30 0.459 1.000 0.734
0 0.434 1.000 0.706
Mean 0.476 1.000 0.735

b. The general m-stream problem

The developments described above were basically
set in the framework of the classical two-flow setting
with the + and — signs portraying directional de-
pendence (as in Fig. 1). It is a trivial extension of
these formulas to accommodate the general m-flow
problem. Specifically the radiance field is divided
into 2m beams (m in the positive and m in the nega-
tive directions). The factors (R, T and J) become
m X m matrices and the 1 in (7a), (7b) and (10) is
then the m x m identity matrix. Similarly, the radi-
ances now adopt a radiance vector form, viz.,

N{j,p1)
N@,+) = : ,
__N(j,IJ«m)
NG, —m)
N@j,—-) = ; , (17)
_N(ja _I'Lm)

where N(J, ;) is the specific radiance at the zenith
angle 6; = cos™'w;. The directions are chosen from a
set of quadrature points (in this case Gaussian
quadrature) such that we divide 0 < u < 1 into m
directions (uq, ma, . - - ip) With a set of associated
quadrature weights (cy, ¢3, . . . ¢). Quadrature is
chosen to replace the integral term in (1) by

2n

2 f(u)C;.

i=1

J Fwdu = (18)

-1

The equation of transfer can then be written in
matrix form as

MmN Uy - wipG, NG
dr (j,%x)
where
N () YO ED)): 6)
SU = [%a0<j,r)Fop(j,r,O)e-ﬂf"'% @0

and p(j,+,=*) are the scattering matrices discussed

below. Note that p(j,=,0) in (20) refers to the scat-

tering matrix associated with the direct beam.
Them X m distribution matrix M and the C matrix
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are diagonal matrices of the form
M = [Ds5%] and C = [C;8;]. 21

For an isotropic medium, the distribution matrix M
is derived for a distribution function D; = u;, whereas
for an anisotropic medium, the distribution function
can be conveniently defined as

Te

, 22
oe( ;) 22

D; = p; J=1"n,
where o,(u;) is the volume extinction coefficient
determined from the single-scattering theories
outlined above for the specified zenith angle
cosine ;. The term &, is a suitably chosen mean
extinction coefficient and, without loss of gen-
erality, &, is chosen to be the extinction associ-
ated with vertical incidence [i.e., 6, = g = 1)].
Similarly, it is necessary to define a direct beam
distribution function for the pseudo source term
in (20) via

Oe

. 23
e tho) *

Dy = p

Thus, the radiative transfer problem essentially
reduces to the isotropic counterpart with D;
replacing u;, 7 replacing 7 and D, replacing u, in
the exponential term in (20). Note that the single-
scattering . albedo now assumes a directional de-
pendence and its coupling explicitly with the
scattering matrices p(j,+,¥) is discussed below.

c. Local conservation property

The observation of the local conservation prop-
erty is crucial to the meaningful determination of
gross radiative properties of a cloud using the
method outlined above. This has been discussed
in some length by Wiscombe (1977) as phase func-
tion renormalization. In its most simple form, the
local conservation property requires that the
integral

- 1 +1
! J Plr,pop)dp = 1

21, (24)

n=0

p(j,+,*) =

n=0

d. Polarity of the R and T factors

- The linear lattice possesses polarity if for some
point R(n, n + 1) = R(n + 1, n) (R factor polarity)
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be exact. The necessity to introduce quadrature
formulas as in (18) will produce errors in the inte-
gration such that (24) is not strictly observed. The
significance of this error can be better understood
by rewriting (24) in this form

1 (!
—J p(T,p, " )dp' = do( ), (25)

2 ).

where the single-scattering albedo has been ex-
plicitly coupled to the phase function yielding

p(TJ""M") = P(T’”"/-"')(bo(/-")' (26)
Eq. (25) effectively states that a fraction @q(u) of
the energy incident at an angle u appears as
scattered energy while the remaining fraction
1 ~ &y(u) appears as absorption within the medium.
Clearly, the departure of the integral in (24) from
unity will result in spurious absorption (or emission)
in the resultant solutions.

The local conservation property is adhered
to by either forcing the approximate integral in
(25) to @y(u) or by expressing the phase func-
tion in terms of a series of Legendre polynomials
P, of the form

. .
p(T’/-La/-L,) = &’0(/1’) 2 'wbn(,u')Pn(l-"')Pn(#")s (27)

n=0

which for the zeroth moment [y, = 1] automati-
cally forces quadrature form of the integral in
(24) to unity, or to @(u) in (25). The method em-
ployed in this study relating the phase function to
a Legendre series is that outlined by Wiscombe
(1977). It is important to note that for an aniso-
tropic optical medium, &, is a function of u and
thus it is necessary to impose m normalization con-
straints associated with the m incident directions of
w. Furthermore, since the scattering phase function
is different for each of the m incident streams, it
is necessary to invoke m such expansions allied with
the m single scattering albedos @(u). Thus the
m X m scattering matrix p(j,+,*) in (13) adopts
the form

n=0

(28)

n=0

~

and/or T(n + 1, n) = T(n, n + 1) (T factor po-
larity) (e.g., Preisendorfer, 1965). The explicit
construction of these operators (e.g., Wiscombe,
1976) implies that the R and T operators possess






